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Abstract

In performanceanalysisof moderncommunicationsystemsdiscreteMarkov modelingtechniqueshave
becomeincreasinglyimportant.This paperpresentsa numericalframework for solving large discrete
andfinite Markov modelsin anefficient way. Thefirst partoutlinesthebasictheoryandestablishesthe
numericalframework.Thisframework is appliedto aperformanceanalysisof theATM AdaptationLayer
type2 protocolin thesecondpart.

1 Intr oduction

Markov modelsplay an importantrole in perfor-
manceevaluationof communicationsystemssince
thepioneeringworksof A. K. Erlangat thebegin-
ning of this century. Thedigital revolution brought
aboutcommunicationtechnologiesthat baseon a
smallnumberof fixedsizedataunits like thecells
in theAsynchronousTransferMode(ATM) [1] sys-
tem.Givendiscretebasictimeanddataunitsin the
systemthat is to be modeled,a discretemodelof-
fers itself as the basisfor performanceevaluation
studies.

A number of recent performancestudiesthat
baseonadiscreteMarkov model[2–18]exhibit the
sameunderlyinganalysispattern:Thestateevolu-
tion of a discretetime Markov chain is expressed
by a recursive equation,muchlike thewell-known
Lindley Equation[19] but in the discretedomain.
After having translatedthe recursive equationof
random variables into an iterative procedureon
probabilitymassfunctionstheaveragestatedistri-
bution is computed.Basedon this distribution per-
formancemeasureslikelossanddelayprobabilities
maybecalculated.Thesketchedmethod,which is�
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referredto as DiscreteTime Analysis (DTA) by
someauthors,provides numericalresultsonly; it
doesnotobtainclosed-formformulae.

Themodelersskill consistsin devisingtherecur-
sive equation.Oncetheequationis found,thereis
theproblemof turningtheequationinto anefficient
numericalprogram.In the referencescited above
theiterativeprocedureis achievedin differentways
usingconvolution andtransformationoperators.

Thispaperaimsat amoresystematicway of de-
riving the numericalprogramfrom the recursive
equations.Specifically, it presentsan efficient nu-
merical framework that implementsthe iterative
proceduredirectlyfrom therecursiveequation.The
numericalframework is derivedby formalizingthe
approachesof [2–18] in Section2. The formal-
ization exhibits that all the studiesabove utilize a
backwardequation,i.e., themodelerhasto find the
inverseof thestatetransitionfunctionto setup the
numericalprogram.If thebackwardequationis re-
arrangedinto a forwardequation,theprogramcan
bederived syntactically. Additionally, we enhance
thediscretetimeanalysismethodtowardsthesolu-
tion of cyclo-stationarysystems.Theenhancement
is requiredfor theanalysisof theATM adaptation
layer type 2 protocol in Section3 by which we
demonstratetheapplicationof theframework.
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2 Establishing the Framework

We illustrate the formalization of the DTA ap-
proaches[2–18] by the DTA of the discretetime
GI
�
X � /D/1–Squeuingsystemaspresentedby Tran-

GiaandAhmadi[15]. Webriefly recalltheiranaly-
sisin thefirst section;thedetailscanbefoundin the
original publication.In the secondsectionwe for-
malizetheDTA approach.Theformalizationleads
to thedevelopmentof thenumericalframework we
aimat.

2.1 ExampleDTA: The GI
�
X � /D/1–SQueue

Thediscretetime GI
�
X � /D/1–Squeuingsystemhas

a finite queuesize, a constantservicetime, and
generalinterarrival timesof batcheswith a general
batchsize distribution. The unfinishedwork pro-
cessof thesystemis aDiscreteTimeMarkov Chain
(DTMC). Tran-GiaandAhmadi [15] representthe
stateevolution of the DTMC by a recursive equa-
tion that relatesthe stateof the unfinishedwork
processobserved immediatelyprior to the arrival
of a batchto thestateobserved uponarrival of the
precedingbatch:�	��
��� ��������������������! "�$#&%&'	(*)+�$#-,�./#
wherethefollowing notationis employed:��

randomvariablefor theunfinishedwork
immediatelyprior to the arrival instant
of the 0 -th batch; �
randomvariablefor thesizeof the 0 -th
batch;)1�
randomvariablefor thetimeinterval be-
tweenthearrival instantsof the 0 -th and� 0 �324' -th batch;%
capacityof thequeue.

Notethatwith thediscretetime unit equalto the
constantservicetime,

)1�
customerscanbeserved

while
)1�

time unitspassby.
The iterative algorithm for calculatingthe suc-

cessive statedistributions5 is statedas6 �7
�4�98:';� <$=>��<�?�� 6 �@�98:'�ACBD�@�98:'E'�ACFG�H�I(+8:'�./#J
We usethe term “distribution” shorthandfor probability

massfunction.

wherethesweepoperators
<$=7�IKL'

and
< ? �IKL'

arede-
finedby

<M=7�ON$�98:'E'P�
QRRRS RRRT
, 8VUW,=XY[Z\M] N$�_^I' 8`�a,
N$�98:' 8VbW,

< ? �ON$�98:'E'P�
QRRRS RRRT
N$�98:' 8cUa%]XY[Z ? N$�_^I' 8d�e%, 8cba%

andthe
A

-symboldenotesthediscreteconvolutionN$�98:'f� N7�g�98:'�A!N4h7�98:'
� ]ijkZ\M] N � �98l(nmo'	K4N h �[mo'Dp (1)

Provided
)1�

and
 +�

are each independentand
identicallydistributed,theDTMC is homogeneous
andthe iterative algorithmconvergesto the limit-
ing distribution 6 �98:'�� q��r��7s ] 6 �@�98:' , which equals

theaveragestatedistribution (apartfrom patholog-
ical cases).From 6 �98:' the authorsderive the per-
formancemeasuresof thesystem.

2.2 Formalization
The decisive part of any discretetime analysisis
theiterativecomputationof thestationarystatedis-
tribution of theDTMC. It is this partwhich we are
interestedin formalizingit.

The requiredstationarystatedistribution t al-
waysexists[20] andis obtainedby takingthelimit
of theaverageof thesuccessive statedistributionst � observedatdiscretetime instants0 �u,v#w2�#xpxpxp

t � q����y s ] 2z y{\ �i� Z = t � (2)

In caseof an aperiodicDTMC, the limiting state
distribution of t � exists and consequentlyequals
thestationarystatedistribution. Takingthelimit oft � converges fasterthan computingEquation(2)
and,therefore,the limit of t � is usually taken as
the stationarystatedistribution. A fast computa-
tion of the stationarystatedistribution for a peri-
odicDTMC will bedescribedlaterin thissection.
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However, in both casesbeforetaking the limit
the successive statedistributions needto be com-
puted.In thediscretetime analysisapproachanit-
erationis appliedto this end.In the following we
formalizethis iterative procedure.

For a DTMC, we denotethediscretestatespace
by | . Thesystemis describedby thediscreteran-
dom variable }�~���| at the discreterenewal
points �w��~�� ������� which satisfy the memoryless
property�&�g�

}�~7����u�4~�����}�~��u�w~$�x�x�x���E}��1�u�g�w��
�&�g�
}�~7����u�4~�����}�~��u�w~v�D� (3)

Thus, �w} ~ � ������� is onerealizationof theDTMC.
In a homogeneousDTMC the (single-step)transi-
tion probabilities�$~

�_�
�����+�

�&�g�
}�~7��+�u�+��}�~���

� areindependentof � andareconsequentlywrit-
tenas�

�_�
���o� . Thestatetransitionmatrix is denoted

by �
�   �

�_�
���o��¡7� (4)

Thefirst stepof a discretetime analysisconsists
in embeddinga DTMC into the systemevolution.
Thatmeansto defineadiscretesystemstate} and
to identify discretetime instantswherethe mem-
orylesspropertyholds for the evolution of } . In
our exampleabove, theDTMC is embeddedat the
batcharrival instants;its stateis definedby theun-
finishedwork ¢ .

Thefurtherevolutionof thesystemstatedepends
on thecurrentstateandon exterior factors.It must
be independentof the predecessorsof the current
statefor the memorylessproperty(3) to hold. We
summarizethe exterior factorsby a systeminflu-
encingvariable£ thathasdiscretespace¤ . In gen-
eral, both the statevariable } and the influenc-
ing variable £ maybecompositevariables.In our
above example,theinfluencingvariable£ consists
of two components:theinterarrival time ¥ andthe
batchsize ¦ .

Due to the memorylesspropertyof the DTMC
thestatetransitionfrom }�~ to }�~7�� dependsonly
on }�~ and£M~ . Since£$~ isanidenticalandindepen-
dentlydistributedrandomvariable,its subscriptcan
beomitted.Thenext DTA stepis therepresentation
of thestateevolution by a relationthat is recursive

in thestatevariable} . Formally, it meansdefining
arecursivestatetransitionfunction §©¨�|«ª¬¤u®�|

}�~7��¯� §
�
}�~$�°£��D�

In our above example,thestatetransitionfunction
wasdefinedby

¢ ~��� � §
�
¢ ~ �°¥±�°¦��� ²d³�´�µ7²d¶�·

�
¢~¹¸!¦º�-»&�	¼½¥¾�-¿�À/�

Oftenit is possibleto identify further, say Á , dis-
cretetime instantsbetweentherenewal pointsused
so far wherethe memorylesspropertyholds.De-
noting thestatesof theDTMC betweeninstants�
and �c¸�Â by }ÄÃ~ �¬¿�Å

�1Æ
Á we mayderive state

transitionfunctions

} Ã ��~ � § Ã
�
} Ã~ �°£��DÇ ¿�Å

�ÈÆ
Á} �~7�� � §@ÉkÊ �

�
}ÄÉkÊ �~ �°£��D�

where} �~ aretheformerlyusedrenewal points} ~ .
Thestatetransitionfunction § is thecompositionof
thetransitionfunctions § Ã

§ � § ÉkÊ ��Ë § ÉDÊ$Ì Ë+ÍxÍxÍ7Ë § � � (5)

In ourexample,wecanidentify Markov pointsim-
mediatelybeforeand immediatelyafter the batch
arrival instantsaccordingto [15]. The function § �
describeswhat happensto the unfinished work
uponarrival of abatch,i.e., thetransitionfrom im-
mediatelybeforeto immediatelyafter the � -th ar-
rival instant; the function § � describesthe server
working off the unfinishedwork betweenarrivals,
i.e., the transitionfrom immediatelyafter the � -th
arrival to immediatelyprior to the

�
�Î¸`Â4� -th arrival:

¢ �~ �u§ �
�
¢ �~ �°¦��Î�3²�¶r·

�
¢ �~ ¸!¦º�D»&�¢ �~7�� �u§ �

�
¢ �~ �°¥��È�u²�³�´

�
¢ �~ ¼*¥±�°¿G�D�

The advantageof introducing the additional re-
newal points is obvious: it simplifies the setupof
the statetransitionfunction § . Furthermore,it re-
ducesthecomputationalcomplexity of thenumeri-
calprogramaswill becomeapparentlater.

Thenext stepis to turn thestatetransitionfunc-
tion into an efficient numericalprogram.The pro-
gram computesthe successive statedistributions
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Ï$ÐHÑ9Ò:ÓDÔ¹Õ×Ö;ØvÔwÙ�ÔxÚxÚxÚ	Ô by iteration and, thus, re-
quiresan equationwhich is recursive in the state
distribution. The numericalprogramsof the DTA
studies[2–18] follow thelaw of totalprobabilityÏMÐ�ÛÜ4Ñ9Ò:Ó&Ö ÝÞ_ß7à¬á âxß�ã1ä&å Ñ_æ�Ð7ÛÜ�ÖuÒ¹çæ Ð ÖaèHéVêëÖCìoÓ	íwÏ-Ñ_èIÓ	íxî�Ñ[ì�ÓDÔ (6)

without stating the equationexplicitly. Since the
conditionalprobability äÈå Ñ_æ�Ð�ÛÜdÖïÒ¹ç�æ�Ð«Ö×èÎéê$ÐðÖëì�Ó equals1 if ÒñÖóòÎÑ_è°Ô�ìoÓ and0, otherwise,
wegetÏ$Ð7ÛÜ4Ñ9Ò:Ó&Ö Ýôöõ Þ÷á âkø�ùrú õ Þ÷á âkørûHüwý ÏMÐ@Ñ[ì�Ó-íwî7ÐMÑ_èIÓDÚ (7)

A goodexampleis theuseof thediscreteconvolu-
tion in theGI þ X ÿ /D/1–Sanalysisabove (1):

�$Ñ9Ò:ÓfÖ Ýôöõ Þ÷á âkø�ù÷ú õ Þ_á âDø÷ûHüxý�7ÜgÑ_è�Ó	í����>Ñ[ìoÓ , where

òÎÑ_è°Ô�ìoÓPÖ è���ì
sincetheconvolution is thenumericalprogramthat
correspondsto the sum of two independentran-
dom variables.Computingthis sum requiresthe
pre-image� Ñ_è°Ô�ìoÓxç òÎÑ_è°Ô�ì�Ó`Ö Ò�� and,hence,the in-
verse ò	� Ü . Setting è�Ö Ò�
!ì andvarying è from
� to � yields theusualformulaof thediscrete
convolution.

Indeed,requiringthe inverseof the statetransi-
tion functionsis characteristicfor all theoperators
employed in the numericalprogramsof the DTA
studies.For this reasonwe call theapproachtaken
a backward method.The problemwith using the
backwardmethodin a systematicderivationof the
numericalprogramis that the pre-imageneedsto
becomputed.Thatproblemis hiddenby employing
operatorslike the discreteconvolution. But using
theseoperatorsfails with multi-dimensionalstate
variablesas in [3] or [6]. The needto avoid the
computationof the pre-imageprovided the stimu-
lusfor ourdevelopingof theforwardmethodwhich
we turn ourattentionto in thenext section.

2.3 The Forward Method
In Equation(7) the probability of state Ò is com-
putedby summingthe compoundprobabilitiesof

the tuples Ñ_è°Ô�ìoÓ in thepre-imageof Ò with respect
to thetransitionfunction ò . This wasderivedfrom
Equation(6) andcanbeachieved by summingthe
compoundprobabilitiesÏMÐ@Ñ_èIÓwí îHÑ[ìoÓDÔ4Ñ_è°Ô�ì�Ó��������±Ô
weightedby the accordingconditionalprobabili-
tiesto yield stateÒ . Advantagecanbetakenof the
fact that the conditionalprobability is either zero
or one, i.e., eachtuple contributes its probability
to exactly onesuccessorstate.Therefore,the ç��©ç
successorstateprobabilitiesÏ$Ð7ÛÜ canbecomputed
duringonetraversalof ����� by addingthecom-
poundprobability of tuple Ñ_è°Ô�ìoÓ�������� to the
oneof its successorstate òÎÑ_è°Ô�ìoÓ . This observation
suggeststhe forward iteration (Algorithm 1): Af-
ter initializing thesuccessordistribution ÏMÐ�ÛÜ with
0, thealgorithmtraverses����� addingÏ-Ñ_èIÓHí°î�Ñ[ì�Ó
to the probability of state òÎÑ_èöÔ�ì�Ó . Sincethe algo-
rithm usesthetransitionfunction ò directlywecall
theapproacha forward method.

Input: statedistribution Ï$Ð and
influencingdistribution î

Initialize Ï$Ð7ÛÜ with zeros
for all è���� do

for all ì���� doÏ$Ð7ÛÜ4Ñ9òÎÑ_è°Ô�ì�ÓEÓ! LÖ3Ï$Ð7ÛÜ4Ñ9òÎÑ_è°Ô�ì�ÓEÓ"�ÏMÐ@Ñ_èIÓ	í4îHÑ[ìoÓ
end for

end for
Output: Ï$Ð7ÛÜ

Algorithm 1: Forward Iteration

Implementingtheforwarditerationfor ourabove
examplewe get the GI þX ÿ /D/1–Sforward iteration
(Algorithm 2). If we employ the transitionfunc-
tions ò$# and ò Ü for implementingthe forward it-
erationthe resultingalgorithm(Algorithm 3) has
two single loops insteadof onedoubleloop. It is
obviously fasterthan the above iteration. In gen-
eral, only somecomponentsof a compositeinflu-
encingvariable ê arerelevant for a specifictransi-
tion function ò Þ . In theabove example,ò # requires
only component% and ò Ü requiresonly compo-
nent & of the influencingvariable ê Ö Ñ & Ô % Ó .
In the extremecase,we may decomposeò into '
statetransitionfunctionsin a systemhaving an ' -
dimensionalinfluencevariable ê whereeachtran-
sition function dependsonly on a single compo-
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nentof ( . Thenthe iterationalgorithmconsistsof) single loops insteadof a single ) -fold loop. In
other words, the complexity of the algorithm re-

ducesfrom *�+-,�.�,0/
132�45687$9 , : 6 ,�; to *�+-,�.�,</

1=2�4>6?7$9 , : 6 ,�; .

Input: statedistribution @BA and
influencingdistributions C and D

Initialize @ AFE 4 with zeros
for GIHKJML to N do

for OPHKJRQ to STCVUW+YX�; do
for Z[HKJ�Q to STCVUW+Y\]; do
@�A^E 4 +`_a+bG-cdOecfZg;";!HKJh@�A^E 4 +`_a+bG-cdOecfZg;";"i

@BAj+bGk;W/lD^+?OV;W/lCj+`Zg;
end for

end for
end for

Output: @�A^E 4
Algorithm 2: GI m X n /D/1–SForward Iteration

Input: statedistribution @ 9A ,
influencingdistributions C and D

Initialize distribution @ 4A with zeros
for GIHKJML to N do

for OPHKJRQ to STCVUW+YX�; do
@ 4A +`_ 9 +bG-cdOV;";oHKJh@ 4A +`_ 9 +bG-cdOV;";piq@ 9A +bGr;l/sD^+?OV;

end for
end for
Initialize @ 9AFE 4 with zeros
for GIHKJML to N do

for OPHKJRQ to STCVUW+Y\]; do
@ 9AFE 4 +`_ 4 +bG-cdOV;";oHKJh@ 9AFE 4 +`_ 4 +bG-cdOV;";"i@ 4A +bGr;a/tCj+?O0;

end for
end for

Output: @ 9A^E 4
Algorithm 3: GI m X n /D/1–S Forward Iteration

with Additional RenewalPoints

2.4 Relationship to Other Methods
It is an important question how our numerical
framework is relatedto otheriterative methodsfor
solving a DTMC (seethe thoroughtreatmentby
Stewart [21]). The basisof this classof methods
to computethe limiting distribution of the DTMC

is thepoweriteration equation

UBAFE 4 JuUBAVv
that requiresthestatetransitionmatrix v (4). The
algorithm for computingthe transition matrix v
from the transitionfunction revealsthe relationto
thepower iteration.

Input: influencingdistribution w
Initialize v with zeros
for all G�x�. do

for all O�x�: doy +bG-cf_a+bG-cdO0;";!HKJ y +bG-cf_a+bG-cdO0;";	izw�+?OV;
end for

end for
Output: v

Algorithm 4: Transition Matrix

Employing thetransitionfunctionleadsto thealgo-
rithm traversingthenon-zeroentriesof v only. It is
comparableto usingasparsestorageschemefor v
wherestoring the row index is replacedby com-
puting it by meansof function _ . By comparing
both algorithmswe observe that the forward iter-
ationalgorithminterminglesthecomputationof v
with thevector-matrix multiplicationof thepower
iterationequation.In summary, theforwardmethod
(as well as the backward method) implementsa
sparsepoweriteration withoutcomputingthe iter-
ationmatrixexplicitly.

Thus, our numerical framework combinesthe
relatively simplederivation of the modelwith the
advantageof copingwith hugestatespaces.Each
iterationstepinvolves ,�.�,k/{, :|, ( ,�.�,k/ > 1687$9 , : 6 , , re-
spectively) multiplications,for eachof which the
statetransition function must be calculated.The
backward methodsparesthe expenseof comput-
ing the transition function at the price of added
complexity for deriving the numerical program.
Apart from that,the framework inheritsits numer-
ical characteristicslike convergencebehavior etc.
from thepower iterationmethod.

2.5 Coping with Periodicity
ForanaperiodicDTMC thelimiting distributional-
waysexists

UTJ~}8�8�AF��� UBA (8)
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andit equalsthestationarydistribution of thesys-
tem. For periodic DTMC Equation(8) doesnot
hold.In thissectionwedescribetheadd-onsfor the
(backward or forward) iteration to copewith pe-
riodicity. The notationsin the following are taken
from Feller[22].

A DTMC is said to be periodic of period � or
� -cyclic if thenumberof single-steptransitionsre-
quiredon leaving any stateto return to that same
stateby any path is a multiple of some integer
����� ; if no such����� existstheDTMC is called
aperiodic.Thestatesetof a � -cyclic DTMC maybe
partitionedinto � distinctiveperiodicclasses.These
classesareorderedsuchthatasinglesteptransition
from a stateof class � is only possibleto entera
stateof class�?���������|�<�q� . Therefore,apathof �
stepsleadsalwaysto astateof thesameclass.Fur-
thermore,in the DTMC with transitionmatrix �o�
eachperiodicclassformsaclosedset.Fromthelast
two statementsfollows thattheDTMC with transi-
tionmatrix �o� is aperiodic.Consequently, thereex-
ist � limiting distributions(8), eachcorresponding
to oneclass,

�����=�����s� ��^��� �j  � � �Y� � � �j¡ ��¢£�|¢��	¤
Sincethestationarydistribution of aDTMC equals
the averagestatedistribution (2), it can be com-
putedby

�¥� �
�
�¦
�=§	¨

� ���=� ¤

For the iterationalgorithmto copewith period-
icity, theperiod� of themodelmustbeconsidered
when testingfor convergenceof the iteration.To
thisend,theoutcomeof the © -th iterationstepmust
becomparedwith thedistribution of the �b©Pª���� -th
iterationstep,e.g. « � � ª � �¬ � «t®°¯ Thus,one
needsto storethedistributionsof � consecutive it-
erationsteps.Onceconvergenceis established,one
simply hasto averagethe � storeddistributions to
obtainthestationarydistribution.

It remainsto computetheperiodbeforestarting
the iteration.Stewart [21] presentsan efficient al-
gorithmthatcalculatestheperiodof anirreducible
DTMC. For reducibleDTMC the algorithm must
be enhanced.A directedgraphmay be associated

with the DTMC, the verticesof the graphcorre-
spondto thestatesof theDTMC andtheedgescor-
respondto transitionsamongstateswhich canbe
computedusing the statetransitionfunction ± . A
depth-first-searchalgorithm[23] maybeemployed
to computetheclosureswhichstandfor irreducible
DTMCs. The period of the whole DTMC is the
lowestcommonmultiple of the periodsof all per-
sistentclosures.

2.6 Recipe
Givenafinite discreteMarkov system,i.e., thesys-
tem’ssalientfeaturesaremeasuredin discreteunits
having a finite range,thefollowing recipesumma-
rizes our numericalframework. (If the systemis
continousthe embeddedMarkov chain technique
[19] maybeemployedto obtaina discreteMarkov
chain.)

Recipe:

1. Find thestatevariable,theinfluencingfactors
of thesystemandidentify renewal points.

2. Setup thestatetransitionfunction(s).

3. Computetheperiod.

4. Apply the forward iterationalgorithmto ob-
tainthestatedistributionwithin aconvergence
criterion that takesthe periodinto considera-
tion.

Basedon the statedistribution performancemea-
suresmay be derived. The following sectionde-
monstratestheapplicationof therecipeto a model
of theAAL-2 protocol.

3 Application to AAL-2

In orderto providebandwidthefficientATM trans-
missionto traffic that is characterizedby low bit-
rate,short and variablelength packets,and delay
sensitiveness,ITU-T specifiedthe ATM Adapta-
tion Layer Type 2 (AAL-2) [24]. The transmit-
tingsystemmultiplexespacketsintoaprotocoldata
unit (CPS-PDU)that is passedas ATM cell pay-
load onto the ATM layer. If one CPS-PDUhas
not enoughspaceto accommodatethe packet, the
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packet is split and overlaps two CPS-PDUs.In
order to ensurea maximummultiplexing delay a
timer functionmaybeused.Eachtimeanew CPS-
PDU is startedto be filled a timer maybe started.
If thetimer runsout thecell is scheduledfor trans-
missionevenbeforetheCPS-PDUis filled.

TheAAL-2 usestheATM layerserviceto trans-
port servicedataunits from oneendsystemto an-
other throughan ATM network. For the numeri-
cal resultswe assumethat the ATM layer service
is ConstantBit Rate.The traffic streammust be
shapedaccordingto thePeakCell Rate(PCR)ne-
gotiatedin the traffic contract.A traffic shaperen-
suresthattheATM cellsof theconnectionkeepthe
minimuminter-cell distance²u³R´�µ PCRby delay-
ing cells if necessary. Figure 1 depictsthe model

ATM cell

bursty
cell
stream

shaped
cell
stream

Packet

SpacerAAL-2

Figure1: Modelof AAL-2 Combinedwith aSpacer

we are going to analyze.Packets arriving at the
AAL-2 are multiplexed into ATM cells; the cells
are subjectto spacing.If the spacerqueueis ex-
ceeded,thecell is dicardedandpacket lossoccurs.

3.1 State Variables, Influencing Factors,
and RenewalPoints

Employing themodelwe derived in a previouspa-
per[3], we definethesystemstatevariableas

¶ ³�·¹¸»ºk²�º=¼I½=¾
Component ¸ denotesthe numberof data units
packedalreadyinto theCPS-PDUwhile ² records
theageof theoldestpacket containedin theCPS-
PDU; component¼ indicatestheamountof time a
cellwill haveto wait attheshaperprior to transmis-
sion.The rangeof

¶
is ·"¿ À<º-ÁÃÂFÄÅºÆ¿ À<º-ÁIÇ`ÄÅº�¿ À<º-Á»È"Äb½ ,

where ÁIÂ denotesthesizeof the CPS-PDU,ÁIÇ is

theAAL-2 timeoutvalue,and Á�È is thespacersize
whichcorrespondsto its maximumdelay.

As in theabove examplewe canidentify thear-
rival instantsas renewal points. In particular, we
usethe instantsimmediatelyprior to a packet ar-
rival andimmediatelyafter suchan event for con-
ceiving the statetransitionfunction.The influenc-
ing variablesarethe sizeof the arriving packet É
andthe interarrival time Ê , respectively. Thuswe
have Ë ³�·ÅÉaº-Ê]½=¾
Thanksto two differentrenewal pointswe canuse
adecompositionof

¶|ÌFÍ	Î ³�Ïa· ¶|Ì º Ë ½a³�Ï
Î
·`Ï$ÐF· ¶|Ì º=Éq½=º-Ê]½

to setup a fastnumericalprogram.

3.2 StateTransition Functions
Sincewe identifiedtwo renewal pointswe have to
set up two statetransition functions: Ï Ð that de-
scribesthestatetransitionfrom immediatelybefore
an arrival to immediatelyafter that event, and Ï Î
thatcoversthestatetransitionfrom immediatelyaf-
teranarrival to immediatelybeforethenext arrival.

EstablishingÏ Ð (Algorithm 5) we mustdistin-
guishtwo casesdependingon whetherthearriving
packet completesthePDU( ¸ ÐÌ]Ñ É ÌÓÒ ÁIÂ ) or not.

Input: state
¶ ÐÌ andpacket length É

if ·¹¸ ÐÌ Ñ É Ô ÁIÂV½ then Õ cell not
completedÖ
¸ ÎÌ�× ³Ø¸ ÐÌ Ñ É²
ÎÌ × ³h² ÐÌ¼
ÎÌ × ³M¼ ÐÌ

else Õ cell completedÖ
¸
ÎÌ × ³Ø¸ ÐÌÙÑ ÉMÚ£ÁIÂ

² ÎÌ × ³�À
¼
ÎÌP× ³M¼ ÐÌ Ñ ²�È

end if
Output: state

¶ ÎÌ
Algorithm 5: Transition Function ÛlÜ

Theconstant²�È is thespacinginterval. If a cell
hasbeenfilled up, the spacerstateis increasedby
²�È . Tomarkacell loss,weallow ¼ ÎoÝ�Þ À<ºp¾p¾p¾�º-Á»È Ñ
²�Èpß .
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Input: stateàâáã andinterarrival time ä
if åÅæ áã[çéè»êfë then ì no cell discardedí
æWî$ïKðMæ�áã

else ì cell discardedí
æWî$ïKðMæ�áãÙñ�ò ê

end if
if å¹ó áã ðhô ë then ì emptycellí
óõãFö á ïKðuôò õãFö á ïKðuôæ÷õãFö á ïKð�ø�ùûú�åYô<ü=æWî ñ ä ë

elseif å èÃý ñ�ò áã�þ ä ë then ì no timeoutí
óõãFö á ïKðØóÆáãò õãFö á ïKð ò áã ÿ äæ õãFö á ïKð�ø�ùûú�åYô<ü=æ î ñ ä ë

else ì timeoutí
ó õãFö á ïKðuôò õãFö á ïKðuôæWî î$ïKðuø�ùûú�åYô<ü=æWî ñ å è ý ñâò áã ë"ë
if åÅæ î�î ÿ ò ê!ç è�ê=ë then ì cell sentí
æ÷õãFö á ïKðuø�ùûú�åYô<ü=æWî�î ÿ ò ê ñåYä ñ å èÃý ñ�ò áã ë"ë"ë

else ì cell discardedí
æ õãFö á ïKðuø�ùûú�åYô<ü=æ î ñ ä ë

end if
end if

Output: stateà õãFö á
Algorithm 6: Transition Function

���

In �	á (Algorithm 6) we must take in account
if a cell loss occurredin the last transitionstep.
If we recognizeæ á���� è�ê ÿ�	 ü�
�
�
�ü è�ê ÿ ò ê�� , æ
hasto bedecreasedby ò ê to obtaintherealspacer
occupancy. Basically, threecasesaredistinguished:
thereareno packetswaiting, therearepacketsand
no timeout occurs,and thereare packets and the
timer runsout.Notethata timeoutpossiblyoccursèIý ñÓò áã timeunitsafterthelastarrival andthenext
arrival occurs ä ñ å èÃý ñ ò áã ë time units after the
timeout.Duringthis interval thespacerstateis con-
tinuouslydecreasedby oneunit pertimeunit. If the
timer runsout, thecell maybesentor discarded.

3.3 Computation of the Period
It is easyto verify that themodelis  -cyclic if the
packet lengthis a constant� andthe timer time is
set large enoughfor no timeout to occur. In that
casethe stateis ó ã^ö�� ð å¹ó ã ÿ���� � ë ø���� è��

which is clearlyperiodic.Thus,dependingon � a
period�� 	 mayresultfrom thisstepandmustbe
consideredin theiteration.Thecomputationof the
periodis doneaccordingto thesketchedalgorithm
in 2.5.

3.4 Computation of the Stationary Distri-
bution

Thetransitionfunctions � õ and � á areusedto im-
plementan iterationaccordingto the forward iter-
ationalgorithm.Notethat � õ requiresonly compo-
nent � while �	á needsonly componentä of in-
fluencingvariable � ð°å��aü-ä ë which leadsto the
desiredreductionin complexity.

Having obtainedthestatedistributionourformu-
laein [3] computethewaiting timeandpacket loss
probability.

3.5 Numerical Results
Thenumericalresultsprovidedin thissectionillus-
tratehow the above analysismay be usedfor ob-
tainingsourcetraffic descriptorsfor CDMA traffic
carriedby anAAL-2 connection.

Thestandard8k vocoderemployedin theNorth-
AmericanCDMA cellularstandardIS-95 [25] op-
eratesat four different ratesaccordingto speech
activity and noise conditions.Dependingon the
rate,the vocodergeneratesvariablelengthspeech
frames,one frame per 20ms. Including 10 octets
of addressandframequality information,framesof
256,160,120,and96 bit areobservedwith proba-
bilities 0.291,0.039,0.072,and0.589,respectively.

The basestationmultiplexes the vocoderpack-
etsof all ongoingconnectionsontoasingleAAL-2
connectionto thecorenetwork.Themultiplexing is
organizedin sucha way thatjustifiesmodelingthe
interarrival timeof packetsby ageometricdistribu-
tion [3]. Thetransportcapabilityof theunderlying
ATM pipeis 2Mbpswhichis thecapacityof T1/E1
links that are widely usedin today’s mobile net-
work infrastructure.The overlaid AAL-2 connec-
tion usestheCBR servicecategory which requires
declaringthesourcetraffic descriptorPCR.

Figure 2 shows thespacingdelayfor themulti-
plexed traffic of 18, 36, 54, and72 voice sources
undertheconstraintof not exceedinga packet loss
probabilityof 	 ô�� � . Thetimeoutwassetto 4ms.

Proc.of the10thGI/ITG SpecialInterestConferenceMMB’99, Trier, Germany, Sept.1999– page8



1200 2400 3600 4800
PCR [cells/s]

de
la

y 
[m

s]

4

3

2

1

sources

18
36

54

72

Figure2: PacketDelayDependingon PCR

Thehorizontalaxisshows thePCRandthever-
tical axisgivestheexpectedspacingdelay. Theav-
eragecell ratesbeing 409, 818, 1226, and 1636
cells/s for 18,36,54,and72 sources,respectively,
approximately1.5 timestheaveragecell ratemust
bedeclaredthePCRif 2ms delayareallowed for
spacing.

To figure out the maximumsustainablenumber
of calls that do not exceedthe lossprobability of!�"�# $

anda delayof % ms by morethan
!�"�#'&

, we
computedascaledsystemwith (*)�(�+,%.- , ( /0(1+32�-
and (546(7+ !98:!

. Thus, the DTMC consistedof
597229states.The cardinalityof the factordistri-
butionswere (5;<(=+>% and ( ?�(@+BA�- . The load of
thesystemwas CD+ ":E 2GF . Thecomputationof the
stationarydistribution with H6+ !�" # I

on a SunUl-
tra1 took about1.5hours.

4 Conclusionand Outlook

This paperpresenteda numericalframework for
solving large finite discreteMarkov models ef-
ficiently. The application of the framework was
shown by a performanceanalysisof the AAL-2
protocol.

The numerical framework implementsa com-
putationallyefficient sparsepower iteration with-
out computingthe iteration matrix explicitly. To
this end, the methodrequiresthe descriptionof
the model behavior by a statetransitionfunction.
The applicationdriven specificationof the transi-
tion function is not too difficult even for complex

modelsandmaybeeasedby decomposingthetran-
sition function in a coupleof functions.Function
decompositionhastheadditionalbenefitof reduc-
ing thenumericalcomplexity of theiteration.

Sincestoringthetransitionmatrix is notrequired
in the framework, it is extremelyefficient with re-
spectto storageconsumption.Performinga sparse
matrix multiplication it is also satisfying regard-
ing running time. If memoryis sufficient, the ad-
ditional computationaleffort inducedby the for-
ward methodcan be overcomeby using a sparse
matrix for a compositetransition(5) derived from
the forward algorithm. Doing so, repetitive com-
putationsof JLK areavoided.Thus,the application
drivenspecificationof themodelcanbecombined
with afastcomputationat theexpensesof memory.

Weimplementedananalysisgeneratorthattakes
the specificationof the modelandtranslatesit di-
rectly into a numericalprogramusingthe forward
method.The iterationalgorithmmay be improved
by incorporatingtechniquesthatacceleratethecon-
vergenceof theiteration.

To assistthe analyst,goodexamplesshouldbe
givento passonkey conceptsin modelingcomplex
systems.
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