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Abstract

In performanceanalysisof moderncommunicatiorsystemdaliscreteMarkov modelingtechniquesave
becomeincreasinglyimportant. This paperpresentsaa numericalframeavork for solving large discrete
andfinite Markov modelsin anefficientway. Thefirst partoutlinesthe basictheoryandestablisheshe
numericalframevork. Thisframenork is appliedto aperformanceanalysisof the ATM AdaptationLayer

type 2 protocolin the secondoart.

1 Intr oduction

Markov modelsplay an importantrole in perfor
manceevaluationof communicatiorsystemssince
the pioneeringworks of A. K. Erlangat the begin-
ning of this century Thedigital revolution brought
aboutcommunicationtechnologieghat baseon a
small numberof fixed sizedataunits like the cells
in theAsynchronougransfetMode(ATM) [1] sys-
tem.Givendiscretebasictime anddataunitsin the
systemthatis to be modeled a discretemodel of-
fersitself asthe basisfor performanceavaluation
studies.

A number of recent performancestudiesthat
baseonadiscreteviarkov model[2—18] exhibit the
sameunderlyinganalysispattern:The stateevolu-
tion of a discretetime Markov chainis expressed
by arecursve equationmuchlike thewell-known
Lindley Equation[19] but in the discretedomain.
After having translatedthe recursve equationof
random variablesinto an iterative procedureon
probability massfunctionsthe averagestatedistri-
bution is computed Basedon this distribution per
formancemeasurefikelossanddelayprobabilities
may be calculated.The sketchedmethod ,which is
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referredto as Discrete Time Analysis (DTA) by
someauthors,provides numericalresultsonly; it
doesnot obtainclosed-formformulae.
Themodelersskill consistsn devisingtherecur
sive equation.Oncethe equationis found, thereis
theproblemof turningtheequatiorinto anefficient
numericalprogram.In the referencesited above
theiteratve procedures achieedin differentways
usingcorvolution andtransformatioroperators.
This paperaimsat a moresystematiavay of de-
riving the numericalprogramfrom the recursve
equations Specifically it presentsan efficient nu-
merical frameavork that implementsthe iterative
proceduralirectly from therecursve equationThe
numericalframenork is derived by formalizingthe
approacheof [2—18] in Section2. The formal-
ization exhibits that all the studiesabove utilize a
backwardequationj.e.,themodelerhasto find the
inverseof the statetransitionfunctionto setup the
numericalprogram.f thebackward equationis re-
arrangednto a forward equation the programcan
be derived syntactically Additionally, we enhance
thediscretetime analysismethodtowardsthe solu-
tion of cyclo-stationarysystemsThe enhancement
is requiredfor the analysisof the ATM adaptation
layer type 2 protocol in Section3 by which we
demonstrat¢he applicationof the frameawork.
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2 Establishing the Framework

We illustrate the formalization of the DTA ap-
proacheq2-18] by the DTA of the discretetime
GIXI/D/1-Squeuingsystemaspresentedby Tran-
GiaandAhmadi[15]. We briefly recalltheiranaly-
sisin thefirst sectionthedetailscanbefoundin the
original publication.In the secondsectionwe for-

malizethe DTA approachThe formalizationleads
to thedevelopmentof the numericaframenork we
aimat.

2.1 ExampleDTA: The GIX//D/1-SQueue

Thediscretetime GIXI/D/1-Squeuingsystemhas
a finite queuesize, a constantservicetime, and
generalnterarrival timesof batcheswith ageneral
batchsize distribution. The unfinishedwork pro-

cesf thesystenis aDiscreteTime Markov Chain
(DTMC). Tran-GiaandAhmadi[15] representhe
stateevolution of the DTMC by arecursve equa-
tion that relatesthe stateof the unfinishedwork

processobsered immediatelyprior to the arrival

of a batchto the stateobsered uponarrival of the
precedingoatch:

Upt1 = max[min(U, + B,, S) — A,, 0],

wherethefollowing notationis employed:

U, randomvariablefor theunfinishedwvork
immediatelyprior to the arrival instant

of then-th batch;

B, randomvariablefor thesizeof the n-th
batch;

A, randomvariablefor thetimeintenal be-
tweenthearrival instantof then-th and
(n + 1)-th batch;

S capacityof thequeue.

Notethatwith the discretetime unit equalto the
constanservicetime, A,, customersanbe sened
while A,, time unitspassby.

The iterative algorithmfor calculatingthe suc-
cessie statedistributions' is statedas

Un-l—l(k) 7r0[7r5(un(k') ® bn(k)) ® an(_k)]a

*We usethe term “distribution” shorthandor probability
massfunction.

wherethe sweepoperatorsry(-) and7”(-) arede-
finedby

-~

0 k<0

m(e®) = { X #i) k=0
\Zz_(;;o k>0
(2(k) k<S

™ (2(k) = < iiz(i) k=S
0 k>S

I's

andthe ®-symboldenoteghediscreteconvolution

z(k)

z1 (k) ® Zg(k)

o0

zi(k —j) - 22(5)- (1)
j=—00

Provided A4,, and B,, are eachindependentand
identicallydistributed,the DTMC is homogeneous
andthe iterative algorithm corvergesto the limit-
ing distribution u(k) = nli—)rgo un (k), which equals
the averagestatedistribution (apartfrom patholog-
ical cases)From u(k) the authorsderie the per
formancemeasuresf the system.

2.2 Formalization

The decisve part of ary discretetime analysisis
theiteratve computatiorof the stationarystatedis-
tribution of the DTMC. It is this partwhich we are
interestedn formalizingit.

The requiredstationarystatedistribution z al-
waysexists[20] andis obtainedby takingthelimit
of the averageof the successie statedistributions
z, obseredatdiscretetimeinstantsn = 0, 1,. . .

N-1
PIES
n=0
In caseof an aperiodicDTMC, the limiting state
distribution of z,, exists and consequentlyequals

the stationarystatedistribution. Takingthelimit of

x, convergesfasterthan computingEquation(2)
and,therefore the limit of z,, is usuallytaken as

the stationarystatedistribution. A fast computa-

tion of the stationarystatedistribution for a peri-
odicDTMC will bedescribedaterin this section.

1
lim —

€T _=
N—oo N

)
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However, in both casesbeforetaking the limit
the successike statedistributions needto be com-
puted.In the discretetime analysisapproachanit-
erationis appliedto this end.In the following we
formalizethis iterative procedure.

For a DTMC, we denotethe discretestatespace
by X. The systemis describedoy the discreteran-
dom variable X,, € X at the discreterenaval
points {¢,|n € N} which satisfythe memoryless

property

PI'(Xn_H = Sp+1 |Xn = Spye-- ,X() = 80)
=Pr(Xpny1 = snq1 | Xn =5,). ()
Thus {X,|n € N} is onerealizationof theDTMC.
In ahomogeneou®TMC the (single-step}transi-
tion probabilitiesp,, (i,7) = Pr(Xp41 = 7| Xpn =
i) areindependenof n andareconsequentlyvrit-
tenasp(, j). Thestatetransitionmatrixis denoted

by

P

(4)

= [p(i,5)]-

Thefirst stepof a discretetime analysisconsists
in embeddinga DTMC into the systemevolution.
Thatmeando definea discretesystemstateX and
to identify discretetime instantswherethe mem-
orylesspropertyholds for the evolution of X. In
our exampleabove, the DTMC is embeddedtthe
batcharrival instantsjts stateis definedby the un-
finishedwork U.

Thefurtherevolution of thesystenstatedepends
onthecurrentstateandon exterior factors.It must
be independenbf the predecessorsf the current
statefor the memorylesgproperty(3) to hold. We
summarizethe exterior factorsby a systeminflu-
encingvariableY thathasdiscretespace). In gen-
eral, both the statevariable X and the influenc-
ing variableY may be compositevariablesIn our
above example theinfluencingvariableY consists
of two componentstheinterarrival time A andthe
batchsize B.

Due to the memorylesspropertyof the DTMC
the statetransitionfrom X, to X,,,; depend®nly
onX, andY,,. SinceY,, isanidenticalandindepen-
dentlydistributedrandonvariable its subscriptan

in the statevariable X'. Formally, it meansdefining
arecursve statetransitionfunctionf : X x) — X
Xnt1 = f(XnaY)-

In our abore example,the statetransitionfunction
wasdefinedby

f(Un, A, B)
max[ min(U, + B, S) — 4, 0].

Un+1

Oftenit is possibleto identify further, sayr, dis-
cretetime instantsbetweertherenaval pointsused
so far wherethe memorylesropertyholds. De-
noting the statesof the DTMC betweeninstantsn
andn + 1 by X%, 0 < i < r we mayderie state
transitionfunctions

X = (X Y); 0<i<r
X2_|_1 = fr_l(X'/rz_lay)a

whereX? aretheformerly usedrenaval points X, .
Thestatetransitionfunction f is thecompositiorof
thetransitionfunctionsf*

f frhofr?omoff (®)

In our example,we canidentify Markov pointsim-
mediatelybefore andimmediatelyafter the batch
arrival instantsaccordingto [15]. The function f°
describeswhat happensto the unfinished work
uponarrival of abatch,i.e., thetransitionfrom im-
mediatelybeforeto immediatelyafter the n-th ar
rival instant;the function f! describeghe sener
working off the unfinishedwork betweenarrivals,
i.e., the transitionfrom immediatelyafter the n-th
arrival toimmediatelypriortothe (n+1)-th arrival:

U, =f°(U3,B)=min(U; + B,S)
Uper = (U, A) = max(Uy, — 4,0).

The adwantageof introducing the additional re-
newal pointsis obvious: it simplifiesthe setupof
the statetransitionfunction f. Furthermorejt re-
duceghecomputationatompleity of thenumeri-
calprogramaswill becomeapparentater

The next stepis to turn the statetransitionfunc-

beomitted. Thenext DTA stepis therepresentation tion into an efficient numericalprogram.The pro-
of the stateevolution by arelationthatis recursve gram computesthe successie state distributions
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zn(k), n = 0,1,..., by iteration and, thus, re-
guiresan equationwhich is recursve in the state
distribution. The numericalprogramsof the DTA

studieq2—-18] follow thelaw of total probability

Tnpi(k) = Y Pr(Xpp =k|
1€EX,JEY

Xn:'i/\YZj)'x(i)'y(j)a (6)

without stating the equationexplicitly. Sincethe
conditionalprobability Pr(X,, 11 = k| X, =i A
Y, = j) equalslif & = f(i,7) andO, otherwise,
we get

>

{(59) [ F(6d)=k}

-Tn-}—l(k) = -Tn(]) yn(z) (7)

A goodexampleis the useof the discreteconvolu-
tion in the GIX)/D/1-Sanalysisabove (1):

> z1(i) - 2(j), where
{(@,5) | £(3,5)=Fk}
1+

fi,5) =
sincethecorvolutionis thenumericalprogramthat
correspondgo the sum of two independentan-

dom variables.Computingthis sum requiresthe

pre-image{(s,j)|f(¢,j) = k} and,hencethein-

versef~!. Settingi = k& — j andvaryingi from

—oo to oo yieldsthe usualformula of the discrete
convolution.

Indeed,requiringthe inverseof the statetransi-
tion functionsis characteristidor all the operators
employed in the numericalprogramsof the DTA
studies For this reasonwe call the approachaken
a badkward method.The problemwith using the
backward methodin a systematiaerivation of the
numericalprogramis that the pre-imageneedsto
becomputedThatproblemis hiddenby emplgying
operatordike the discretecorvolution. But using
theseoperatorsfails with multi-dimensionalstate
variablesasin [3] or [6]. The needto avoid the
computationof the pre-imageprovided the stimu-
lusfor ourdevelopingof theforwardmethodwhich
we turn our attentionto in the next section.

2.3 The Forward Method

In Equation(7) the probability of statek is com-
putedby summingthe compoundprobabilitiesof

thetuples(, j) in the pre-imageof £ with respect
to thetransitionfunction f. Thiswasderived from
Equation(6) andcanbe achieved by summingthe
compoundrobabilitiesz,, (i)-y(j), (4, ) € XxY,
weightedby the accordingconditional probabili-
tiesto yield statek. Advantagecanbetaken of the
fact that the conditional probability is either zero
or one, i.e., eachtuple contrikutesits probability
to exactly one successostate. Therefore the | X|
successaostateprobabilitiesz,, 1 canbecomputed
duringonetraversalof X x ) by addingthe com-
poundprobability of tuple (3,j) € X x ) to the
oneof its successostatef (7, j). This obseration
suggestshe forward iteration (Algorithm 1): Af-
terinitializing the successodistribution 1 with
0, thealgorithmtraversesY x Y addingz (i) - y(3)
to the probability of state f(z, j). Sincethe algo-
rithm usesthetransitionfunction f directly we call
theapproacha forward method.

Input:  statedistribution z,, and
influencingdistribution y
Initialize x,, 1 with zeros

forall7 € X do

forall j € Y do
T 1 (£(5,5)) = Tns1 (£(3,9))+
endfor
endfor
Output: x4

Algorithm 1: Forward Iteration

Implementingheforwarditerationfor ourabove
examplewe get the GIX//D/1-Sforward iteration
(Algorithm 2). If we emplg the transitionfunc-
tions 9 and f! for implementingthe forward it-
erationthe resultingalgorithm (Algorithm 3) has
two singleloopsinsteadof onedoubleloop. It is
obviously fasterthan the abore iteration. In gen-
eral, only somecomponent®f a compositeinflu-
encingvariableY arerelevantfor a specifictransi-
tion function f*. In theabove example, f requires
only componentB and f! requiresonly compo-
nent A of the influencingvariableY = (A4, B).
In the extremecase,we may decomposef into r
statetransitionfunctionsin a systemhaving anr-
dimensionainfluencevariableY whereeachtran-
sition function dependsonly on a single compo-
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nentof Y. Thentheiterationalgorithmconsistsof
r single loops insteadof a single r-fold loop. In
other words, the comple«ity of the algorithm re-

r—1 r—1
ducesfrom O(|X| - T] |Vi]) to O(|X] - |Vi])-
i=0 i—0

1=

Input;  statedistribution u,, and
influencingdistributionsa andb
Initialize u,1 with zeros
fori:=0to Sdo
for j :=1to maxz(B) do
for k := 1to maz(A) do
un-l-l(f(iaja k)) = un+1(f(i7j’k))+
un (i) - b(j) - a(k)
endfor
endfor
endfor

Output:  up41

is the poweriteration equation
Tpt1 = TP

thatrequiresthe statetransitionmatrix P (4). The
algorithm for computingthe transition matrix P
from the transitionfunction revealsthe relationto
the power iteration.

Input: influencingdistribution y
Initialize P with zeros
forall s € X do
forall j € Y do
p(i, £(i, 7)) = p(i, £ (3, 7)) +y(j)
endfor
endfor

Output: P

Algorithm 2: GIX]/D/1-SForward Iteration

Input:  statedistribution u?,
influencingdistributionsa andb
Initialize distribution w), with zeros
fori:=0to S do
for j :=1to maz(B) do
ul (00, ) = ub (£(i, 3)) +ud () -b(3)
endfor
endfor
Initialize uY_ ; with zeros
fori:=0toS do
for j := 1tomaxz(A) do
Un 41 (F1(6:9)) = up 1 (F1(5,9))+
uh(i) - a(j)
endfor
endfor

Output:  u?

Algorithm 3: GIXl/D/1-S Forward Iteration
with Additional RenewalPoints

2.4 Relationshipto Other Methods

It is an important question how our numerical
framework is relatedto otheriteratve methodsfor
solving a DTMC (seethe thoroughtreatmentby

Stawart [21]). The basisof this classof methods

to computethe limiting distribution of the DTMC

Algorithm 4: Transition Matrix

Employing thetransitionfunctionleadsto thealgo-
rithm traversingthenon-zercentriesof P only. It is

comparabldo usinga sparsestorageschemdor P

where storing the row index is replacedby com-
puting it by meansof function f. By comparing
both algorithmswe obsere that the forward iter-

ationalgorithminterminglesthe computatiorof P

with the vectormatrix multiplication of the power
iterationequationln summarytheforwardmethod
(as well asthe backward method)implementsa
sparse poweriteration withoutcomputingthe iter-

ation matrix explicitly.

Thus, our numerical framevork combinesthe
relatively simple deriation of the modelwith the
adwantageof copingwith hugestatespacesEach
iterationstepinvolves|X|- | V| (| X|- Y i_, |Vil, re-
spectvely) multiplications, for eachof which the
state transition function must be calculated.The
backward methodsparesthe expenseof comput-
ing the transition function at the price of added
compleity for deriving the numerical program.
Apart from that, the framework inheritsits numer
ical characteristicdike corvergencebehaior etc.
from the power iterationmethod.

2.5 Coping with Periodicity
ForanaperiodidDTMC thelimiting distribution al-
waysexists

(8)

r= lim z,
n—0o0
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andit equalsthe stationarydistribution of the sys-
tem. For periodic DTMC Equation (8) doesnot
hold.In this sectionwe describeheadd-ondor the
(backward or forward) iterationto copewith pe-
riodicity. The notationsin the following are taken
from Feller[22].

A DTMC is saidto be periodic of period p or
p-cyclicif thenumberof single-stegdransitionsre-
quiredon leaving ary stateto returnto that same
stateby ary pathis a multiple of someinteger
p > 1; if nosuchp > 1 existsthe DTMC is called
aperiodic.Thestatesetof ap-cyclic DTMC maybe
partitionednto p distinctive periodicclassesThese
classesreorderedsuchthatasinglesteptransition
from a stateof classj is only possibleto entera
stateof class(j+1) mod p. Thereforeapathof p
stepdeadsalwaysto a stateof the sameclass Fur
thermore,in the DTMC with transitionmatrix PP
eachperiodicclassformsaclosedset.Fromthelast
two statement$ollows thatthe DTMC with transi-
tion matrix PP is aperiodicConsequentlythereex-
ist p limiting distributions(8), eachcorresponding
to oneclass,

29 = lim zoP?(PP)",

n—00

1<5<p

Sincethestationarydistribution of aDTMC equals
the averagestatedistribution (2), it can be com-
putedby

Tr =

N =

p
3 ali),
=1

For the iterationalgorithmto copewith period-
icity, the periodp of themodelmustbe considered
when testingfor corvergenceof the iteration. To
this end,theoutcomeof then-th iterationstepmust
becomparedvith thedistribution of the (n — p)-th
iterationstep,e.q. || , — zn—p ||< € Thus,one
needgo storethe distributionsof p consecutie it-
erationstepsOnceconvergenceis establishedpne
simply hasto averagethe p storeddistributionsto
obtainthe stationandistribution.

It remainsto computethe periodbeforestarting
the iteration. Stewart [21] presentsan efficient al-
gorithmthatcalculateghe periodof anirreducible
DTMC. For reducibleDTMC the algorithm must

with the DTMC, the verticesof the graphcorre-
spondto the statesof the DTMC andtheedgescor
respondto transitionsamongstateswhich canbe
computedusing the statetransitionfunction f. A
depth-first-searchlgorithm[23] maybeemplo/ed
to computetheclosuresvhich standfor irreducible
DTMCs. The period of the whole DTMC is the
lowestcommonmultiple of the periodsof all per
sistentclosures.

2.6 Recipe

Givenalfinite discreteMarkov systemj.e.,thesys-
tem’s salientfeaturesaremeasuredh discreteunits

having afinite range thefollowing recipesumma-
rizes our numericalframework. (If the systemis

continousthe embeddedarkov chain technique
[19] may be emplo/edto obtaina discreteMarkov

chain.)

Recipe:

. Find the statevariable,the influencingfactors
of the systemandidentify renaval points.

. Setupthestatetransitionfunction(s).
. Computethe period.

. Apply the forward iteration algorithmto ob-
tainthestatedistribution within acorvergence
criterion that takesthe periodinto considera-
tion.

Basedon the statedistribution performancemea-
suresmay be derived. The following sectionde-
monstrateshe applicationof therecipeto amodel
of the AAL-2 protocol.

3 Application to AAL-2

In orderto provide bandwidthefficient ATM trans-
missionto traffic thatis characterizedy low bit-
rate, shortand variablelength paclets, and delay
sensitveness,ITU-T specifiedthe ATM Adapta-
tion Layer Type 2 (AAL-2) [24]. The transmit-
ting systemmultiplexespacletsinto aprotocoldata
unit (CPS-PDU)that is passedas ATM cell pay-
load onto the ATM layer. If one CPS-PDUhas

be enhancedA directedgraphmay be associated not enoughspaceto accommodaté¢he paclet, the
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paclet is split and overlapstwo CPS-PDUs.In
orderto ensurea maximummultiplexing delay a
timer functionmaybeused Eachtime anenvw CPS-
PDU is startedto befilled atimer may be started.
If thetimerrunsoutthecell is scheduledor trans-
missioneven beforethe CPS-PDUis filled.

The AAL-2 usesthe ATM layerserviceto trans-
port servicedataunits from oneendsystemto an-
other throughan ATM network. For the numeri-
cal resultswe assumehat the ATM layer service
is ConstantBit Rate. The traffic streammust be
shapedaccordingto the PeakCell Rate(PCR)ne-
gotiatedin the traffic contract.A traffic shaperen-
sureshatthe ATM cellsof theconnectiorkeepthe
minimuminter-cell distancel’ = 1/PCRby delay-
ing cells if necessaryFigure 1 depictsthe model

Packet

ATM cell

e
shaped
cell
stream

bursty
cell
stream

AAL-2

Spacer

Figurel: Modelof AAL-2 Combinedwith aSpacer

we are going to analyze.Paclets arriving at the
AAL-2 are multiplexed into ATM cells; the cells
are subjectto spacing.If the spacerqueueis ex-
ceededthecell is dicardedandpacletlossoccurs.

3.1 State Variables, Influencing Factors,
and RenewalPoints

Employing the modelwe derivedin a previous pa-
per[3], we definethe systemstatevariableas

X = (U, T, S).

ComponentU denotesthe numberof data units
pacledalreadyinto the CPS-PDUwhile T records
the ageof the oldestpaclet containedn the CPS-
PDU; componentS indicatesthe amountof time a
cellwill haveto wait attheshapemprior to transmis-
sion. Therangeof X is ([0, L,], [0, L], [0, Ls]),
whereL,, denoteghe size of the CPS-PDU,L; is

the AAL-2 timeoutvalue,and L; is the spacesize
which correspondso its maximumdelay

As in the abore examplewe canidentify the ar
rival instantsas renaval points. In particular we
usethe instantsimmediatelyprior to a paclet ar
rival andimmediatelyafter suchan eventfor con-
ceving the statetransitionfunction. The influenc-
ing variablesarethe size of the arriving paclet V
andthe interarrival time A, respectiely. Thuswe

have
Y =(V,A).

Thanksto two differentrenaval pointswe canuse
adecompositiorof

Xn+1 = f(XnaY) = fl(fO(Xna V)aA)
to setup afastnumericalprogram.

3.2 StateTransition Functions

Sincewe identifiedtwo renaval pointswe have to
set up two statetransition functions: f° that de-
scribeghestatetransitionfrom immediatelybefore
an arrival to immediatelyafter that event, and f!
thatcoversthestatetransitionfrom immediatelyaf-
teranarrival toimmediatelybeforethenext arrival.

Establishingf® (Algorithm 5) we mustdistin-
guishtwo caseslependingn whetherthe arriving
paclet completeshe PDU (U? + V;, > L,,) or not.

Input:  stateX? andpacletlengthV

if (U +V < L, then {cell not
completed
Ul.=0+V
Ty =T
Sl =89
else {cellcompleted
Up:=U2+V — L,
T!:=0
Sl:= 80 + T,
endif
Output:  stateX}

Algorithm 5: Transition Function f°

The constantT is the spacingintenal. If acell
hasbeenfilled up, the spacerstateis increasedy
T,. Tomarkacellloss,weallow S* € {0,..., L+
Ts}.
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Input:  stateX;} andinterarrival time A

if (S} < Lg)then {nocelldiscarded
S =S}

else {celldiscarded
S =8} — T,

endif

if (U} =0)then {emptycell}
Ul,,:=0
T,?+1 =0

S, :=max(0,5" — A)
elseif (L; — T} > A) then
U2, = U]
T =Ty +A
S, :=max(0,5" — A)
else {timeout
U7(3+1 =0
T 1 :=0
S" := max(0,S" — (Ls — T}))
if (8" + T, < L) then {cellsen}
S 1 == max(0,5" + Ts—
(A— (L —TY))
else {celldiscarded
SY .4 :=max(0,5" — A)
end if
endif

Output:

{notimeout}

stateX? .

Algorithm 6: Transition Function f*

In f! (Algorithm 6) we musttake in account
if a cell loss occurredin the last transition step.
If we recognizeS' € {Ls; +1,...,Ls + Ts}, S
hasto be decreasetby T to obtainthereal spacer
occupang. Basically threecasesredistinguished:
thereareno pacletswaiting, thereare pacletsand
no timeout occurs,and there are paclets and the
timer runsout. Note thatatimeoutpossiblyoccurs
L; — T} time unitsafterthelastarrival andthenext
arrival occursA — (Ly — T}}) time units after the
timeout.During thisintenal thespaceistateis con-
tinuouslydecreasetly oneunit pertime unit. If the
timer runsout, the cell maybesentor discarded.

3.3 Computation of the Period

It is easyto verify thatthe modelis p-cyclic if the
paclet lengthis a constantc andthe timer time is
set large enoughfor no timeoutto occur In that
casethe stateis U,y = (U, + k - ¢) mod L,

which is clearly periodic. Thus,dependingpnY a
periodp > 1 mayresultfrom this stepandmustbe
consideredn theiteration.The computatiorof the
periodis doneaccordingto the sketchedalgorithm
in 2.5.

3.4 Computation of the Stationary Distri-
bution

Thetransitionfunctions f® and ' areusedto im-
plementan iterationaccordingto the forward iter-
ationalgorithm.Notethat f° requiresonly compo-
nentV while f! needsonly component4 of in-
fluencingvariableY = (V, A) which leadsto the
desiredreductionin compleity.

Having obtainedhestatedistribution ourformu-
laein [3] computethewaiting time andpacletloss
probability

3.5 Numerical Results

Thenumericalresultsprovidedin this sectionillus-
trate how the abore analysismay be usedfor ob-
taining sourcetraffic descriptordor CDMA traffic
carriedby anAAL-2 connection.

Thestandardk vocoderemplo/edin the North-
AmericanCDMA cellular standardS-95 [25] op-
eratesat four different ratesaccordingto speech
actvity and noise conditions. Dependingon the
rate,the vocodergenerateyariablelength speech
frames,one frame per 20ms Including 10 octets
of addressindframequality information,framesof
256,160,120,and96 bit areobseredwith proba-
bilities 0.291,0.039,0.072,and0.589 respeciely.

The basestationmultiplexes the vocoderpack-
etsof all ongoingconnection®ntoasingleAAL-2
connectiorto thecorenetwork. Themultiplexing is
organizedin suchaway thatjustifiesmodelingthe
interarrival time of pacletsby ageometriadistribu-
tion [3]. Thetransportcapabilityof the underlying
ATM pipeis 2 Mbpswhichis thecapacityof T1/E1
links that are widely usedin todays mobile net-
work infrastructure.The overlaid AAL-2 connec-
tion usesthe CBR servicecatgyory which requires
declaringthe sourcetraffic descriptoPCR.

Figure 2 shaws the spacingdelayfor the multi-
plexed traffic of 18, 36, 54, and 72 voice sources
underthe constraintof not exceedinga paclet loss
probabilityof 10~%. Thetimeoutwassetto 4 ms
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Figure2: Packet Delay Dependingon PCR

The horizontalaxis shavs the PCRandthe ver
tical axisgivesthe expectedspacingdelay The av-
eragecell ratesbeing 409, 818, 1226, and 1636
cells/sfor 18,36, 54,and72 sourcesrespectiely,
approximatelyl.5timesthe averagecell ratemust
be declaredhe PCRif 2 ms delayareallowed for
spacing.

To figure out the maximumsustainablenumber
of calls that do not exceedthe loss probability of
10~% anda delayof 4 ms by morethan10~%, we
computedascaledsystenwith |U| = 47, |T'| = 97
and |S| = 131. Thus, the DTMC consistedof
597229states.The cardinality of the factor distri-
butionswere |V| = 4 and|A| = 67. Theload of
the systemwasp = 0.92. The computationof the
stationarydistribution with ¢ = 10~8 ona SunUl-
tral took aboutl.5hours.

4 Conclusionand Outlook

This paperpresenteca numericalframevork for
solving large finite discrete Markov models ef-
ficiently. The application of the framewvork was
shavn by a performanceanalysisof the AAL-2
protocol.

The numerical framevork implementsa com-
putationally efficient sparsepower iteration with-
out computingthe iteration matrix explicitly. To
this end, the method requiresthe descriptionof
the model behaior by a statetransitionfunction.
The applicationdriven specificationof the transi-
tion function is not too difficult even for comple

modelsandmaybeeasedy decomposinghetran-
sition functionin a coupleof functions.Function
decompositiorhasthe additionalbenefitof reduc-
ing thenumericalcompleity of theiteration.

Sincestoringthetransitionmatrixis notrequired
in the framework, it is extremelyefficient with re-
spectto storageconsumptionPerforminga sparse
matrix multiplication it is also satisfying regard-
ing runningtime. If memoryis suficient, the ad-
ditional computationaleffort inducedby the for-
ward methodcan be overcomeby using a sparse
matrix for a compositetransition(5) derived from
the forward algorithm. Doing so, repetitve com-
putationsof f¢ are avoided. Thus,the application
driven specificationof the modelcanbe combined
with afastcomputatiorattheexpense®f memory

Weimplementedananalysiggeneratothattakes
the specificationof the modelandtranslatest di-
rectly into a numericalprogramusingthe forward
method.The iterationalgorithmmay be improved
byincorporatingechniqueshataccelerat¢hecon-
vergenceof theiteration.

To assistthe analyst,good examplesshouldbe
givento passonkey conceptsn modelingcomplex
systems.
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