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Saddle point linear systems and purpose

wm e (4 7)o (5o (1)

Ae R BeR™" Ce Rm™™m feR" geR™: given,

u € R™*™™: unknown, n > m, A: SPD, B: full rank, C: SPSD

Purpose Computing upper bounds for ||t — u*||o without using
A(H1), where u* = (z* ,y* )T and @ = (7, §7)T denote the

exact and numerical solutions, respectively.

Preferable: smaller bound, fast algorithm
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Notations

- Tf L A BT T B f
“ \r, ) \B -C 7 g
A=LuLY, BB = LgLL: Cholesky decomposition

L,'BT = QR: thin QR factorization

¢ e |1 All2l[(BBY) "2 . 1R~3
L+ [|A[[2[[(BB*) = 20min(C) L+ | R HI30min(C)

(we can prove ( > n)

s .= (1,..., )T e R"
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Previous and our error estimations

Chen-Hashimoto (2003)
T—a"|2 < [[A7H2((L+CIBY 2l BA™HI2)Irsll2+ClIBY ll2lrgll2).

7=y ll2 < CIBA 27 sz + Irgll2)-
Our

z—a*|la < [|Lo Il Lo rsll2 + nl| A= BT o]z,

7=y ll2 <n(IBA™ rgll2 + lIrgll2),

We can prove our < Chen-Hashimoto.
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Previous and our error estimations (C = 0) (1/2)

Chen-Hashimoto (2003)

|2 — 2" |l2 < JATH2((L+ [[Al| BT l2l[(BBT) M2 BA™H2) llrsll2
Al B 2 (BBT) ™ lallrgll2)-

Hashimoto (2007)
|2 —2*[l2 < [[A7Yl2llrgll2 + Al A7 2l L rll2.
Our || — z*[l2 < [|L3 l2(I L5 rpllz + [R™Trgll2).

We can prove our < Hashimoto < Chen-Hashimoto.
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Previous and our error estimations (C = 0) (2/2)
Chen-Hashimoto (2003)

17 = y*ll2 < [JAl2(BB) = l2(IBA l2llrsll2 + [[rgll2).
Hashimoto (2007)

15— y*ll2 < LG 2(1Al A7 olirfll2 + [All2l| L5 7gll2).
Kimura-Chen (2009)

o — u*|l2 < 2max(|[A7 2, [|Alloc [(BBT) " H2)|Irull2/ (V5 — 1).
Our |7 — y*|l2 < |R™ T2l L5 rfll2 + |RTTR™Trg]l2.

We can prove our < Hashimoto < Chen-Hashimoto.
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Proposed algorithm

The algorithm for computing rigorous upper bounds of our error
estimations when C' = 0.

Computational cost

Chen-Hashimoto:  44m?/3 + 4m?n + 4mn? + 5n° + O(n?)
Kimura-Chen:  44m?/3 + 4m?n + 5n° + O(n?)
Our: —m?/3 + 6m?n + 2mn? + 2n°/3 + O(n?)

We can show our < Kimura-Chen < Chen-Hashimoto.
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Preliminaries

o1 (AT = AT'BTSTIBATY ATIBTS
N S~1BA-! N

where S := BA™ BT+ (C = BL;XTLZlBT%—C’ — RT'R+C'. Hence
F—a2"\ [ (A1 — A" BTS—1BAY)r; + AT1BTS r,
g—y* ) ST 'BA lry; — S71r, '
so we estimate [[(A™t — A7'BYSTIBA " Y)rs|lo, |[ATIBTSr ]2,
|STUBA ]l and (S~ 17l

S~l= RY(I,,+ RTCRYHRT. S-1=RIRTifC =0.
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Derivation (C =0,S ' = R 'R 1) (1/2)

I(A=' — A='BTS1BA=Yrs|

= (LA La' = Ly Ly BTR™R™TBL, Ly )ryll2

= (L3 Ly — L' QRR'R™TRTQT LM )ryl

= | LT (I — QQTYL L s ll2 < |LAT 2l 1 — QQT [l2l| L3 |2

= [|L3 " |2l L5 sl

||S_1Tg||2 — ”R_lR_TTgHQ-
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Derivation (C =0,S ' = R 'R™1) (2/2)

|AT BTS gl = [|[L3T L3 BT R Ryl
= L3 QRR R Trg|l2 = |IL3" QR Tryl:

< | La"2ll@QN2Ml B Trglla = IL4 " ||2|R™ g2
IST'BA  r¢|lo = |[RT'R™TBL, L r¢|ls
= [|[RRTTRTQT L rslla = [RTIQT L sl

VAN

R™Y2IQT 2l L relle = IR |2l LS sl
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Derivation (general C) (1/5)

(A1 — A~ 'BTS-1BA)r,

— (L3703 = Ly"QRR ' (In + R-TCR™Y) ' R-TRTQT L )rs
= L3 (In = QU + RTCR™H) QT L'y

(RTTCR™' =VXV?T: SVD (X = diag(o1,...,0m)))

= L3 (I — Q(L, + VIVT) QT Ly ry

= LTI, — QV (I + 2)"WVTQT) L r;
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Derivation (general C) (2/5)

1 1
= L7 (I, — QVdi VvIoT ) L7t

(U = (QV,U_): orthogonal, U, : orthogonal complement of QV)

1401 140, ——

n—m

(QV(Im + )" WTQT = Udiag ( ! . ! 0,... ,0) UT>

1 1
= L3 | I, — Udi 0,...,0 | UT | L;*
A ( 1ag (].—|—0'17 71+0m77HF/> ) ATf

n—m
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Derivation (general C) (3/5)

_ : 01 Om 1

— I.7-1Ud 1.....1|UTL |
A 1ag (1_|_0_1) ’]_—I—O'mj‘ 7n_nz ,) A ,rf
so [[(A~t = A7'BTSTIBA™)rs||,

_ : 01 Om 1
< L T U d 7...’ ,1,...’1 UT L T‘
< L3 o0 | g (Hm T ) U7 ol l23
n—m 9

= [|L3" 2l L5 el
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Derivation (general C) (4/5)

v (BA™'BT + C)v

Omin(S) = min —
vER™ v+£0 vtv
, vIBA—1BTy , vl Cu
> min 7 + min 7
vER™ v+£0 vv veER™M v£0 V-V

— Umin(BA_lBT) + Umin(c) — Umin(RTR) + Umin(c)

1 1
— _|_0min(0) —
IR=15 7

so that [|S™1|2 = 1/omin(S) < 7.

— Umin(R)z + O-min(O)
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Derivation (general C) (5/5)

ATIBTS r || < ||A~1BT|[5) S
STIBA 'rylle < ||STH|2[|BAT ]

S7hrgll2 < 157 allrgll2 < nllrgll2.

2]|7gll2 < nl|ATTBY|2||7gll2,

2 < || BA |,
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Numerical results (C' = 0)

Intel Xeon 2.66GHz Dual CPU, 4.00GB RAM, MATLAB 7.5 with
Intel MKL, and IEEE 754 double precision

CH: the Chen-Hashimoto algorithm
I: the INTLAB function verifylss ((H 1) is used)
KC: the Kimura-Chen algorithm
M: the proposed algorithm
Mi: M with the iterative refinement (Z and 7 are stored by 2 terms)

We obtained b, i.e. f and g, such that b = fl(Hs(m+™).

We show the upper bound for ||i — u*|| o to assess the qualities.
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Example 1 (n = 2p?, m = p?)

LT +T1T®I1 0 2 5 2
A = p p ERZpXZp’
( 0 @®T+T®@>

T
B_ I, @ F c RPQXQPQ,
F® I,

T := tridiag(—1,2, —1)/h? € RPXP,
F :=tridiag(—1,1,0)/h € RP*P, h:=1/(p+1).
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The upper bounds and computing times (sec)

P m n CH I KC M Mi

16 256 512 | 5.2e-8 23e-16 9.5e-9 8.6e-12 6.7e—28
24 576 1152 | 7.7e—7 2.3e-16 6.5e-8 2.9e-11 2.1e-27
32 1024 2048 | 6.4e—6 2.3e-16 3.1e—7 8.9e-11 6.9e-27
40 1600 3200 | 2.4e-5 MO 7.3e—7 1.3e-10 MO

16 256 512 | 0.37 0.83 0.33 0.26 0.79

24 576 1152 | 3.41 6.90 3.02 2.00 5.25

32 1024 2048 | 18.7 34.7 16.3 10.3 29.3

40 1600 3200 | 63.8 MO 56.1 33.4 MO
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Example 2

1+ 1, 1=,

1
0
2

0,

)

)

i—jl=1, i,j=1,...

others,

17 =1+n—m,
others,
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The upper bounds and computing times (sec)

m n CH I KC M Mi

10 1000 | 4.1e-7 2.3e-16 8.0e-9 6.4e-12 b5.7e-28
10 3000 | 7.1e-6 2.3e-16 1.4e—7 3.6e-11 3.1e-27
100 1000 | 4.5e-5 2.3e-16 8.8e-9 6.5e-12 5.4e-28
100 3000 | 7.4e-4 2.3e-16 1.be-7 3.7e-11 3.1e-27
10 1000 | 2.58 2.83 2.49 0.75 1.81

10 3000 | 41.4 41.4 40.5 11.9 22.3
100 1000 | 2.67 3.57 2.54 0.88 2.04
100 3000 | 41.7 45.0 40.9 12.6 23.4

Verified solutions of saddle point linear systems — 19



SCAN 2014 Shinya Miyajima

Example 3 (n = 2p?, m = p?)

T

Aix O ) 2.0 2 <A13> 2o 2

A = ) ERQPXZP,B: ) ERpXQp’
( 0 Ass A3

Ay 1 = Tridiag(—B1,, 8T,, —B1,) € R¥ <P,

As 5 = Tridiag(—B1,, 8T,, —B1,) € R¥ <P,

Ay 5 := Diag(S,) € R *P°| A, 4 := 2Tvidiag (1,0, —1,) € R *P",
T, := tridiag(—p3,43, —3) € RP*P,

S, := Ltridiag(1,0,—1) € RP*P, h:=1/(p+1).
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The upper bounds and computing times (sec)

P m n CH I KC M Mi

16 256 512 | 7.8e—9 23e-16 5.8e—9 2.9e-11 6.9e-27
24 576 1152 | 1.2e—7 2.3e-16 4.1e-8 1.8e—-10 4.3e—26
32 1024 2048 | 8.6e—7 2.3e-16 1.7e—7 4.2e-10 1.1e-25
40 1600 3200 | 4.2¢e—6 MO b2e—7 1.2e—9 MO

16 256 512 |0.40 0.78 0.33 0.26 0.79

24 576 1152 | 3.44 6.63 2.98 2.03 5.26

32 1024 2048 | 18.6 33.9 16.1 10.3 28.9

40 1600 3200 | 63.5 MO 56.2 33.4 MO

Verified solutions of saddle point linear systems — 21



