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The kth-order Lagrange interpolation on triangles

k : a positive interger,
P . the set of polynomials whose order are at most k,
K c R?: any triangle on Rz,
(A1, A2, A3) : the barycentric coordinate on K,

a; : integers,

aip a2 as

Ek(K)::{<k,k, k)EK‘Ogaigk, a1+a2+a3:k}.

|
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Kand Y¥*(K), k=1,k=2k=3

Forv € CY(K), define Zk-v € Py, by

(ZFv)(x) = v(x), vx € YF(K).

We would like to estimate the error [|v — Z5-v]|1 2 k-
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The piecewise P finite element method

() c R? : a bounded polygonal domain

T : a proper triangulation of €2
Sy = {v, € CO(Q) N Hy(Q) | vk € Py, VK € 7}

Model problem Find u € HJ () such that
—Au = fforagiven f € L?(9).

Weak form Find u € H}(£2) such that

/ Vu - Vodzr = / fodx  for Vv € Hy ().
Q Q

P FEM Find up, € S, such that

/ Vuy, - Vupdx = / fopdx  for Vup, € S-.
Q Q
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Letu € H(Q2) N H*(N2) and uy, € S, be the exact and finite element
solutions, respectively. Then, by Céa’s Lemma, we have

Ju —upll12,0 <C inf [[u—wvpl120
vy ESY,
< Cllu—Ziulli 2.0

1/2
k
=C Z u _IKUH%,Q,K :
Ker

where C'is a positive constant.
Therefore, estimating ||u — Z%-ul|1 2k is very important in the error analysis of
finite element methods.
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Nakao’s theory for numerical verifications of PDEs

For a given triangle K C R?, let C'(K) be the smallest constant such that
v = Zivlh2x < C(K)|vlhox Yve H(K).

In Nakao’s theory, it is very important to obtain a concrete value (or good upper
bound) of C'( K) for a given triangle K.
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Geometric Conditions on Triangles

It is known that we need to impose a geometric condition on triangles to obtain
an error estimation.

e The minimum angle condition
e Shape-reqgularity

e The maximum angle condition

Kobayashi’s formula

e The circumradius condition
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The minimum angle condition

Let h be the diameter (or the length of the longest edge) of K.

Theorem 1 Let 6y, 0 < 0y < 7/3 be a constant. If any angle 0 of K satisfies
0 > 6y, there exists a constant C' = C'(p) independent of h g such that, for

Vhi < ho,

lv — Tgvli2x < Chilvlaok,  Yve H(K).

Zlamal, On the finite element method,
Numer. Math., 12 (1968) 394—409.
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Shape-regularity

Let px be the diameter of the inscribed circle of K.

Theorem 2 Let o0 > O be a constant. If hK/pK < 0, there exists a constant
C' = C(o) independent of h g such that, for Vhx < hg,

lv — Tgvli 2k < Chilvlaok,  Yve H(K).

Ciarlet, The Finite Element Methods for Elliptic Problems,

North Holland, 1978, reprint by SIAM 2008.

Brenner-Scott, The Mathematical Theory of Finite Element Methods,
3rd edition, Springer, 2008.

Note that the shape-reqgularity is equivalent to the minimum angle condition in
R2
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The maximum angle condition

Theorem 3 Let 61, 27/3 < 61 < m be a constant. If any angle 6 of K
satisfies 6 < 01, there exists a constant C' = C'(6; ) independent of h x such
that, for Vhx < hy,

lv = Txollio.x < Chilvlax, Vv e H*(K).

BabusSka-Aziz, On the angle condition in the finite element method,
SIAM J. Numer. Anal., 13 (1976) 214-226.
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Kobayashi’'s formula

Let A, B, C be the lengths of edges of & and S be the area of K.

Theorem 4 Let C'(K) be defined by

2 B2(2 2 2 2 2 1 1
C(K):_\/ABC_AnLB +C_S(1+ )

1652 30 5 \ 22 BT
then we have the following estimate:

v — Tivlox < C(K)|vlaox, Vve H(K).

Kobayashi, On the interpolation constants over triangular elements
(in Japanese), RIMS Kokyuroku, 1733 (2011), 58-77.
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A corollary of Kobayashi's formula

Let R be the circumradius of /&'. Note that

ABC

Ry = 222
K 457

and therefore

C(K) :=

A2B202 A2 4L B24(02 §2
1652 30 5]
< Rp.

Corollary 5

1
A2

1 1

+ =t

02

v — Tgvhax < Rxlolaox, Vo€ HY(K).

)
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The circumradius condition

Let Ry be the circumradius of /K .

Theorem 6 There exists a constant C), independent of K such that, for
Ry <1,

lv = Tgvllipx < CpRilvlapr, Vo€ WHP(K), 1<p<oco.

Kobayashi-Tsuchiya, A Babuska-Aziz type proof of the circumradius condition,
Japan Journal of Industrial and Applied Mathematics, 31 (2014) 193-210.

Rand, Delaunay refinement algorithms for numerical methods,
Ph.D. dissertation, Carnegie Mellon University, 2009.
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The circumradius condition (cont.)

Let {7,,}°°; be a sequence of triangulations of {2 C R such that

lim R, =0, R, = max Rg.
n—o0 Ker,

We say that {Tn}%ozl satisfies the circumradius condition  (of order 1).

Letu € H&(Q) and u,, € S, be the exact and piecewise P finite element
solutions of Poisson’s equation —Au = f € L?().

Corollary 7 If {7,,} satisfies the circumradius condition and u € H?({2), then
we have
Ju = unll1,2,0 < CRylul22.0.
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The circumradius R and the maximum angle 0x

Let0 < h < 1and a > 1. Consider the following isosceles triangle:

/\'h‘“

h

Let O be the maximum angle of K. Note that Rx = h%/2 + h?~%/8.
Hence, if 1 < o < 2, we see

lim Rpg =0 and lim O = 7.

h—0 h—0
Therefore, the circumradius condition is more general than the maximum angle
condition.

Hannukainen-Korotov-Krizek, The maximum angle condition is not necessary
for convergence of the finite element method,
Numer. Math., 120 (2011) 79-88.
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The area of surfaces — The Schwarz-Peano paradox (1880)

Let C be a curve in R™, n > 2. The length L(C') of C'is defined by

L(C) :=sup L(C}y), (Y, isaninscribed polygonal curve.

C \

Ch

For a surface S, one might think we could define the area A(.S) by

A(S) :=sup A(Sp), Sp isaninscribed polygonal (triangular) surface.
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In 1880, Schwarz and Peano independently showed that this definition does not

work.

Consider the cylinder with radius r and height /. We triangulate the side of the

cylinder as shown in the picture.
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Let Ag be the sum of the area of all triangles. Then, we have

n m n

T 9 . 4,.2 N\ 4
_ QWTSII;R 02 4 <Tf;) T SN 5 - |
n n 4

T
2n

H\? 2
Ap = 2mnrsin il (—) + 2 (1 — Cos E)

Therefore, when n — oo, m — oo, the value 1imm,n_>oo A depends on the
value 1imm,n_>oo(m/n2). In particular,

i Ap = 2nrH — lim — =0

M, —>00 M, M—>00 n2
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In the Schwarz-Peano example, the circumradius R of triangles is

Therefore, when m, n — oo, we have

im Ap=2mrH < lim = =0<«= lim R=0.

M, M—> 00 M, M—>00 n? M, N—>00

Kobayashi-Tsuchiya; On the circumradius condition for piecewise linear
triangular elements, submitted, arXiv:1308.2113.
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Extension to higher-order Lagrange interpolations

Let 7.F(K) and B;""(K) be defined by

THEK) = {v e WHIP(K) | v(x) = 0, ¥x € SH(K) }

V|, K

B]T’]"(K) = sup :
veETF(K) ’v’k+17p7K

From the definitions, we have

v—TIhv e 7;]“(K), Yo € WrFTLP (),

v — I§<U|m,p,K < B;%’k(K)’U’k+1,p,K'
Note that

B}T’k(K) — inf {C’; v — T80 mp i < Clv|pg1p.1c, YU E Wk+1’p(K)} .
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An extension to high-order Lagrange interpolations

Theorem 8 (Kobayashi-Tsuchiya) Let K C R? be an arbitrary triangle. Let
Rx be the circumradius of K and h := diam /. For any positive integer k

and p, 1 < p < oo, there exists a constant C}, ,, independent of K such that,
form =0,1,---,kand Vv € WFLP(K),

[0 = T vlmp, i < CrpRRRE 2™ 0lky1p.x

R \" ki1

_ +1—m

= Ckp (—h ) h "lkrip K
K

Note that no geometric condition is imposed on /.

Kobayashi-Tsuchiya, Error estimates for Lagrange interpolations on triangles,
submitted, arXiv:1408.2179
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Remark 1

In many textbooks of the finite element methods, a triangulation 7 of a domain
() C R? is called shape-regular if

hi
— < C, VK er.
PK
It seems, however, that the ratio f—ff; IS more important than Z—Ifg.

Let h1 < hy < hi be the length of edges of K and 6k be the maximum
angle of K. Observe

Rg _ M35 mhy 1
hK hK 2h1h2 SiH@K QSineK’
R
h—K < C <= O < 60y < 7 : The Maximum Angle Condition!
K
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Let {7,,}°°; be a sequence of triangulations of {2 C R such that

lim R, =0, R, = max Rg.
n—o0 Ker,

We say that {7, } >° ; satisfies the circumradius condition  of order 1. Let
hn = MaAXKecr, hK

Corollary 9 Letu &€ H&(Q) be an solution of the Poisson problem. Let u,, be
the piecewise Py, finite element solution on 7,,. Supoose that {7, } satisfies the
circumradius condition and u € H*T1(Q), k > 2. Then we have

|u — unH1,2,Q < CRnhZ_1|U|k+1,2,Q-
If {7,,} satisfies the maximum angle condition, we have

lu — upll1,2.0 < CRE|ulpt1,2,0-
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Remark 2

Note that even if {7, } does not satisfy the circumradius condition of order 1,
smaller h g can overwhelm Ry .

Suppose that, for v, 1 < v < k,

lim (Rh"™Y), =0, (Rh1), := max Rgh); .

n—00 Ker,

We call the above condition the circumradius condition  of order ~y.

Theorem 10 Let {7,,}°°; be an sequence of trianglulations of Q C R?. Let
u € H*1(Q) be the exact solution, and u,, be the piecewise P finite
element solution on 7,,. Suppose that {Tn}%o:l satisfies the circumradius
condition of order v, 1 < v < k. Then we have

= tnlli 20 < R ulss 20
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Related problems

e Develop a similar theory for ()z.-elements in 2-dim.

e Perform numerical experiments to see how finite element solutions of the
(Navier-)Stokes equation behave under the circumradius condition.

e Find a good condition for tetrahedron or n-simplex, n > 3 similar to the
circumradius condition.

e Error estimation of ||u — up||1,00,0 under the circumradius condtion.
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