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�-f*�j��kR�9qsq;o9��k�i���u-fsoN�j�¸�jk��jqso�¥Nk��wtWoNi�tWk���u-hji-k�k�´bu�i-�9��u-fsoN�w�9i-knt��9�|u(qsf*�jk���i��jq*u�k�i-���
oN�Xk�i-��u�f*�jg�oN�Du-xjk
�-k�¤�hjk��j��k�o9tFi����jgNkz���9qshjk��

(ri)i∈ ¹ o9tµ�������9� S =
(
(ϕi, ri)

)

i=1,...,N

�
º f*�Nk�����oN�Lk��Lfsp�k��j��fsoN�;��q��;q�u�k�i

Ψ =
[
ψ−1, ψ0, ψ+1

] �ju-xjkz�;q*u-k�i�k����9��qshjk
rΨ
i

o9tµ���-���9� ��oNf*�Eu
ri » i = 2, . . . , N − 1 ¼ fs���jk��;�Lk��Y�9� rΨ

i =
∑1

k=−1
ψkri+k

�¯e;oNi�tWk���u�hji�kd�jk�u-k���u�fso9�S�¸u-xjkd�-���9�
�-f*gN�;�9q�fs�(�;q�u�k�i�k�� �9��tWoNq*qso�¢n��m
{N��§
xj�9i-�Xk��u�xjk��;��u�� f*�o9i-�jk�i�u-o�k�pD�jxj�9�-f*½�k�u�xjk��-f*gN�jf��;���9�Eu��;�9i|u��=o9t�u�xjk��-���9�S�&f��¾k��*�.u-xjk
kG´
u-i-k�pw�L��¢nf*u-xjoNhLu�p�o
�Lf*t�¥bfs�jg£u-xjk�i-k���fs�jhj�9qµ�-���9�S�&�E¥�9�L�jq*¥bfs�Lg����-x;��i-�Xk��¿�jq*u�k�i=o9t0u-xjk
tWoNi�p

Ψ1 =
[
−1, 4, −1

] �
�
� · oNp��jhLu-kzo9t&u-xjk=�jk�i�f*����u-fsoN�£��fsgN�j�9qS�E¥�hj�-f*�jg���gNi��9�Lfsk��Eu��;q�u�k�i

Ψ2 =
[
−1

2
, 0, 1

2

] �
�L��§
p�obo9u�xwu-xjkzgNi-�9�jfsk��Eun�-fsg9�;�9q�u-o��-f*pD�jq*f*t�¥�u-xjkz�jk�u-k���u�fso9� o�tF½�k�i�o���i-oN���-f*�jgN�(¢nf*u-x �K�-o9t�u-k��
�;q�u�k�i

Ψ3 =
[
1, 1, 1

] �
e&f*gj�Ll�y�q*k�t�u6}0fsqsq*hj��u-i���u-k��0u-xjk=k�À�k���u��no9t&u-xjk=hj�-k�� �jq*u�k�i-���
~�t�u-k�i�gNk��jk�i-��u�f*�jgzu�xjkv�-k�u��¸o9t�tWk���u�hji�k��

M,D
tWi-o9pÁ��o�u�x��-�����j���
��pD��u-�6xjfs�jgz�Xk�u)¢�k�k��d��o�u�x¡�-k�u��

x;�9�zu-o �Xk¡���9q*��hjqs��u�k��S�KÂ)�j�|u�k��9�¿o�t0��oNq*�bfs�Lg�u-xjk¡x;�9i��o9�Lu�f*pDf*½���u-fsoN���ji-oN�Lqsk�pÃo9t��-k���i-�6xjf*�jg tWo9i
�9�¿oN�Lu�f*pw��q!pw�@u��6xS��¢0kDhj�-kw��xjk�hji-f*��u-fs�D�9�j�ji�oE�9�6xS�FhLu�f*qsfs½�fs�jgwfs�jxjk�i-k���u����jo�¢nqsk��LgNk£�9�XoNhLu=u-xjk
�ji�oN�jqsk�pÄo9t�pD��u��6xjf*�jg©tWk��@u�hji�k����¸k9�Ågj���¸u-xjkdt��9��u�u-x;��u�u-xjkdtWk���u-hji-k���Æ!u�o9��oNq*oNg9¥�����j�jo9u��6x;�9�LgNk
tWhj�j�j�9pDk��Eu6�9q*q*¥¯tWi�oNpÇoN�jk��-���9�Èu�o«u�xLk�tWoNq*qso�¢nfs�jgL�Y��xjk��;�9��fs���9fspÇf*��u-o�jhLfsqs�Y�«pw��u-i-fÉ´�o9t
�XoN�-��fs�jq*k£pw�@u��6xjf*�jg4�;�9f*i-���µ�j�9�-k��YoN�Ê�9��k�i-i-o9i�tWhj�j��u�fso9�Ê�Lk��;�jf*�jg4u�xjkd�Lfs��u��9�j��kd��k�u)¢0k�k��Yu)¢�o
�XoNfs�Eu��

mi,dj

�0¢nf*u-x
mi = (mx

i , m
y
i )

T
fs� · ��i�u�k��-fs�9�S�(oNi

(mϕ
i , m

r
i )

T
f*�Y�XoNqs�9i¡��oboNi-�jf*�;��u-k����

i-k��-�S��y
dj

�9�;�9q*oNgNoNhj��q*¥L}�m
Ë



ÌjÍsÎ|Ï (
mi,dj

)
=

√
(
ω1 · (m

ϕ
i − d

ϕ
j )
)2

+ ω2(m
r
i − d

r
j)

2

+ ω3 ·
√

(mx
i − d

x
j )

2 + (my
i − d

y
j )

2

+ Θ
(
mi,dj

) Ð�Ñ9Ò
Ó Í*Ï-Ô¿Õ�ÖN×jÎ|Ï6Ø9×EÏ�Î (ωk)k∈{1,2,3} Ù ÍsÚ�ÛjÜsÝ�ÚDÝ�×�Ï-Ís×jÞ£Ø Ó Ý�Í*ÞNÔEÏ�Ís×LÞ�ßXÝ�Ï Ó Ý�Ý�×Ï�ÔjÝ�ÛXÖNÜ¦Ø9àáØ9×jÌ®â(Ø�à�Ï�Ý�Î-ÍsØ9×ÌjÍ*Î�Ï6Ø�×jÕ�Ý�Î�ã�ä�ÔjÝ=åWæj×jÕ�Ï-ÍsÖN×

Θ
Ís×jÔLÍsßjÍ�Ï�Î(ÚDØ�Ï�Õ6ÔLÍs×jÞNÎ�ßXÝ�Ï Ó Ý�Ý�×�Ï Ó Ö�åWÝ�Ø�Ï�æLà-Ý�ÎvÖ9åFÌjÍ*ç�Ý�à�Ý�×EÏ�Ï)èbÛ�Ý�Î�é

Θ
(
mi,dj

)
=

{

0 Γ(mi) = Γ(dj)

∞
Ý�ÜsÎ�Ý

Ó Í*Ï-Ô�ØáÕ�ÜsØ9Î-Î�Í*ê;Õ�Ø�Ï�Í*ÖN×�åWæL×jÕ�Ï-ÍsÖN× Γ: (M∪D) 7→ { ë0ì6í9î , ënïñð@î , ï¾ð6òEó6ô�õ|ï öNðz÷�ö9ï¾ðGõ } ãFä�ÔjÝ(à�Ý�Î-æLÜ*Ï�Í*×jÞáÚDØ@øÏ�à�Í�ù
wi,j

ÌLÝ�×jÖ9Ï-Ís×jÞ=åWÝ�Ø@Ï�æjà�ÝRÕ�Ö9à-à-Ý�Î-ÛXÖN×jÌjÝ�×jÕ�Ý�Î�ÍsÎ�Î-Í*ÚDÛLÜsÍ*êjÝ�Ì¡æj×EÏ�Í*Ü�Ï-ÔjÝRÚDØ�Ï-Õ6ÔwÍsÎ¸×jÖN×bøHØ9ÚKßLÍsÞNæjÖ9æjÎ�ã
ú Í*ÞjãLû¡Î-ÔLÖ Ó ÎnÏ�ÔLÝ�ÚDØ�Ï-Õ6Ô�Ö9å$Ï Ó ÖDÎ�Õ�Ø9×jÎ�ã

ü�ý�þ�ý*ÿ ���������
	��������	��������
� Í��NÝ�×�Ï Ó Ö£Î-Ý�Ï�Î�Ö9å!åWÝ�Ø@Ï�æjà�Ý�Î M̌ = {mi |mi ∈ � 2, i = 1, . . . , Nm}

Ø9×jÌ
Ď = {di | di ∈ � 2,

i = 1, . . . , Nd} Ù Ï�ÔjÝ Õ�Ø9Ü*Õ�æjÜsØ�Ï�Í*ÖN×�Ö9åRÏ-ÔjÝ�Ö9ÛLÏ�Í*ÚwØ9Ü�Ï�à�Ø�×jÎ�åWÖNà�ÚwØ@Ï�ÍsÖ9×¯åWÖNàDÚDØ9ÛjÛLÍs×jÞ D Ö9×�Ï-Ö
MÐ

wi,j

Ò Í*ÎnØ9× ÖNÛLÏ�Í*ÚDÍ���Ø�Ï-ÍsÖN×DÛjà-Ö9ßjÜsÝ�Ú Ö9å$Ï�ÔjÝ=Ý�à-à-Ö9à(åWæj×jÕ�Ï-ÍsÖN×�é

E(R, t) =

Nm∑

i=1

Nd∑

j=1

wi,j ||mi − (Rdj + t)||2
Ð��NÒ

∝
1

N

N∑

i=1

||mi − (Rdi + t)||2 ,
Ð û Ò

Î-Í*×jÕ�Ý¡Ï�ÔLÝwÚDØ�Ï�Õ6ÔjÍ*×jÞ�ÍsÎ�×jÖN×
ø)Ø9ÚKßjÍ*ÞNæjÖNæLÎ�ã�ä�ÔjÝDê;à�Î�Ï�Î�Ï�Ý�ÛÖ9å0Ï�ÔjÝ�Õ�ÖNÚ�ÛjæLÏ�Ø�Ï�Í*ÖN×«ÍsÎ=Ï�Ö ÌjÝ�Õ�ÖNæjÛjÜ*Ý
Ï�ÔLÝ�Õ�Ø9ÜsÕ�æjÜ¦Ø@Ï�ÍsÖ9×£Ö9å&Ï-ÔjÝ=à-Ö9Ï�Ø�Ï�Í*ÖN×

R
åWà-Ö9Ú Ï�ÔLÝ=Ï-à�Ø9×LÎ-Ü¦Ø@Ï�ÍsÖ9×

t
æjÎ�Ís×jÞ�Ï�ÔLÝ�Õ�Ý�×EÏ�à�ÖNÍsÌLÎ�Ö9å$Ï�ÔLÝ�ÛXÖNÍ*×�Ï-Î

ßXÝ�ÜsÖ9×jÞNÍs×LÞKÏ�Ö�Ï�ÔjÝ=ÚDØ�Ï�Õ6ÔLÍs×jÞjã

cm =
1

N

N∑

i=1

mi, cd =
1

N

N∑

i=1

di

Ð �9Ò

Ø9×jÌ
M ′ = {m′

i = mi − cm}1,...,N ,
Ð�!NÒ

D′ = {d′
i = di − cd}1,...,N .

Ð "9Ò

!



#%$'&)(�*+*)(-,/.1032�465�798�:<;>=?8�@�;A0B5/C�8�D<;E465F&HG�(I(-*)*KJ<*L$�M/5/2>&H46JB5N8�OP;>=
E(R, t) Q (�2�JBRS(-T�U

E(R, t) ∝
1

N

N∑

i=1

||m′
i −Rd′

i − (t− cm + Rcd)
︸ ︷︷ ︸

=t̃

||
2

=
1

N

N∑

i=1

||m′
i −Rd′

i||
2
+

1

N

N∑

i=1

∣
∣
∣
∣t̃
∣
∣
∣
∣
2 8�V<0<;

−
2

N
t̃ ·

N∑

i=1

(m′
i −Rd′

i)
8�V Q ;

W 5FJ<*KC/(�*X&HJYRZ465/4�RS4�[�(L&)G/(�T)M�R\0 Q J^]<(3=�0B.6.�&)(�*)RZTEG/0^]B(�&HJ Q (_RZ465�46RZ46[�(-Ca`cbAG/(_&HG�46*)CdT)M/Re8�V Q ;
46Tf[-(�*)J�=gT)4�5/2�(d0B.6.h]30B.�M/(�Tf*K(-$�(�*I&HJi2�(-5P&)*)J<4�Ca`FbAG/(ST)(�2-J<5/Cj,/0B*K&I465k8�V<0<;lG/0BT
4m&HTIRS4�5/46RnM/Ro$�JB*
t̃ = 0

JB*
t = cm−Rcd

`pbAG/(�*K(-$�J<*K(�&HG/(f03.67<J<*K4�&)G/RqG�0BTr&HJsRZ465/4�RS4�[�(+J<5/.mtZ&)G/(_u�*KTK&A&)(�*)Ri=v0B5/C
&HG�(I2-J<*)*K(�TK,wJ<5�C/465/7x(-*)*)JB*+$�M�5/2-&)46J<5y46T-U

E(R) ∝
N∑

i=1

||m′
i −Rd′

i||
2
.

8�z<;

{ tZT)J<.m]|465/7l&HG�(%(-}|M/03&H4�J<5
∂

∂∆θ
E(R∆θ) = 0

$�J<*X0
~B��*KJB&�03&)46J<5
R∆θ = R

=�&)G/(%JB,�&H4�Rd0B.�*)JB&H03&H4�J<5
46TA2�0B.62-M/.10�&H(�Ci0BT

∆θ = arctan









N∑

i=1

(
m′y

i d
′x
i −m

′x
i d

′y
i

)

N∑

i=1

(
m′x

i d
′x
i +m′y

i d
′y
i

)









.
8��^�<;

� 4�&)Gy7<4�]B(�5i*)JB&H03&H4�J<5a=v&)G/(�&H*)0B5/TK.103&)46J<5F4�TA2�0B.�2�M/.603&H(-Cy$�*KJ<R
t− cm + Rcd

U
(

∆x
∆y

)

︸ ︷︷ ︸

= ∆t

= cm −

(
cos ∆θ sin ∆θ
− sin ∆θ cos ∆θ

)

︸ ︷︷ ︸

= R∆θ

·cd.
8��<�^;

����� �p� ���p�_�_���%�q���_���p� ���p�
�p���� ?¡¢�A£¤��¡¢�¢¥¤�h�v�����
¦ M/.m&H4�,/.6(_§<�¨T)2�0B5/T�0B*)(_5/(�2-(�T)T)0B*Ktd&HJsC/4�7<4�&H0B.64�[�(+(�5�]|46*KJ<5/RZ(�5�&HTL©+4m&HG/J<Mv&AJv2-2�.�M/T)4�J<5/T�`pbcJs2�*K(�03&)(
0s2�J<*K*)(-2-&%0B5/Cy2�JB5/T)4�TK&H(-5�&_RZJvC�(�. =P&HG�(ITK2�0B5�T%G�0�]B(f&)J Q (fRZ(�*)7B(�Cy465�&HJxJ<5�(l2�J|J<*)C/4�5�03&)(�TKt|TK&)(�Ri`
bAG/4�T%,/*KJv2-(�TKT_46T�2�03.6.6(-Cª*K(�7<4�TK&)*H03&)46J<5a` W $h&HG�(
.�Jv2�0B.64�[�03&)46J<5«J3$h&HG/(
*)J Q JB&+©+4�&)Gi&)G/(nTK2�0B5�5/(�*�©E(-*)(
,/*K(�2�4�T)(3=P&)G/(A*)(-7<46T�&H*)03&H4�J<5Y2�JBM/.6C Q (AC/J<5/(AC/4�*)(-2-&H.mt Q 03T)(�CxJ<5s&)G/(+*)J Q JB&p,�J<T)(3`p¬%J^©r(-]B(�*�=|*)(-.103&)4�]B(
T)(-.�$�.6J|2�0B.�46[�03&H4�J<5d4�TA(�*)*KJ<5/(-J<M/T�=�(>]<(-5ª©+4�&)G®�¯/°w¯A±m=²TKJx&)G/(f7<(�JBRS(>&H*)4�2�TK&)*)M/2>&HM/*K(
J3$gJ^]<(-*).60B,/,/4�5/7
§<�³T)2�0B5/T+G�0BTA&HJ Q (l2�J<5/TK46C/(-*)(-Cª$�J<*A*K(�7<4�TK&H*)03&H4�J<5a`

´¶µ�·?µ�¸ ¹²º¼»«½P¾w¿�À-Á^Â�Ã�Á^¿�Ä�ÅÆÄ�Ç%È�º ÉaÊ<Ã�ÅcÀ
bAG/(I$�J<.6.�J�©+4�5/7xRS(>&HG/J|Cy$�J<*%*K(�7<4�TK&)*H03&)46J<5yJB$p,�J<4�5P&�TK(-&HT_46T�,�0B*K&%JB$gRd0B5�ti,/M Q .6462�03&H4�J<5/T-=�T)JdJB5/.�t
0 Q *)4�(-$�T)M/RZRS0B*Ktd46TA7<4m]<(�5iG/(-*)(B`XbAG/(f2�JBRS,/.�(-&)(f0B.67<JB*)4�&)G/RË©L03T%4�5P]B(�5�&H(-C94�5®��z<z�~s0B5/Cy2�035 Q (
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Ì�Í<Î/Ï�ÐaÑ�Ò3ÓÕÔ�Ó�ÑcÖ6ÏØ×ÚÙ3Û ÓZÜAÝ/ÒZÞSÒ>ßHÝ/Í|Ð®Ö6àfá�âBã�ã6Ò-Ð®ä>åçæ>è)éBå�ê'ëBæªìhí6î^ï^æ�ï>åLð+î�ê'ñ�å�ïªò�ä�ì�ðcóiéBíÚô|î�è>ê'å'õ|ösÓZÜAÝ/Ò
÷/ø Ívá-Ò�Ð/Î ø Ò+á�Í<Ï/àKÖ6Ð/Ò ø àrâBã6ãvà)ÖúùxÐ/Ò�Ô ø Ò�Ò-àrÍ3ÌwÌ ø Ò�Ò�Ð�Í<ÞªÑ�Ö�ÓÕÒ3Ó�Ñ<ß)Ý/Ò ø Í<ã�ã ÑBû<â�üýâBÏ/Ð ÷ ÖmßHá�ÝZÍ ø Ö�Ò�Ï�ß�â3ß)Ö6Í<ÏYâBÏ/Ð
ßHÝ�Ò

x
Ñ
y
Ñ�â3Ï/Ð

z ÷ Í<à)ÖmßHÖ6ÍBÏ«ÍBÌcßHÝ/Ò ø ÍBþwÍBß
ÿlÖ��<Ò-ÏªßçürÍ«Ö6Ï�Ð/Ò ÷ Ò�Ï/Ð�Ò�Ï�ßHãmû9â3á��PÎ/Ö ø Ò�Ðªà)Ò-ß)à�ÍBÌhÙ�� ÷ Í<Ö6Ï�ßHà-Ñ

M � |M | = Nm � â3Ï/Ð
D � |D| = Nd � Ñü+Ý/Ö�á�Ý9á�Í ø)ø Ò-à ÷ Í<Ï/Ð9ß)ÍdâZà)Ö�Ï/Ô<ã6ÒfàKÝ�â ÷ ÒBÑ²üEÒnâBÖ6Þ Í3Ì	��Ï/Ð�Ö6Ï/ÔxßHÝ/ÒIß ø âBÏ/àKÌ�Í ø ÞSâ3ßHÖ�Í<ÏFá�Í<Ï�à)Ö6à�ßHÖ�Ï/ÔSÍ3Ì�â

ø Í3ß�â3ß)Ö6Í<Ï R
â3Ï/ÐNâ«ß ø âBÏ/àKã1â3ß)Ö6Í<Ï

t
ü+Ý/Ö�á�Ý®ÞZÖ6Ï�Ö6ÞZÖ�
�Ò-à%ß)Ý/Òxá�Í<à�ßlÌ�Î/Ï/á-ß)Ö6Í<Ï � Ù � Ó��ÍBßHÒ��lÜAÝ/Ö6àlß)Ö6ÞZÒ

ßHÝ�Ò��<Ò-á-ßHÍ ø àxâ ø ÒdÖ6ÏjÙ��\à ÷ âBá�ÒyâBÏ�Ð
R

Ý�â3à
ßHÍ9þwÒFâ3ÏjÍ ø ß)Ý/Í<Ï/Í ø ÞSâBã
3 × 3

ÞSâ3ß ø ÖmùwÓ���Í�üfÑ
wi,jÖ6àfâ3à)à)Ö�Ô<Ï/Ò-Ð��ZÖ�Ì�ßHÝ�Ò

i � ßHÝ ÷ Í<Ö6Ï�ßfÍBÌ
M

Ð�Ò�à)á ø Ö�þwÒ-àIß)Ý/ÒxàHâBÞZÒ ÷ Í<Ö6Ï�ßfÖ6Ï à ÷ âBá�ÒSâBàlßHÝ�Ò
j � ßHÝ ÷ ÍBÖ6Ï�ß

ÍBÌ
D

Ó��_ßHÝ/Ò ø ü+Ö6àKÒ
wi,j

Ö6à���Ó Ü¶ürÍ ßHÝ/Ö�Ï/Ô<àIÝ�â��<Ò«ßHÍ9þwÒSá�âBã�á�Î/ã6â3ßHÒ-Ð����gÖ ø àKß�Ñ�ßHÝ�Ò«á�Í øKø Ò-à ÷ Í<Ï/Ð/Ö�Ï/Ô
÷ Í<Ö6Ï�ßHà-ÑaâBÏ�Ð à)Ò�á-Í<Ï/ÐaÑwßHÝ/Ònß ø âBÏ�àKÌ�Í ø Þdâ3ß)Ö6Í<Ï � R Ñ

t � ß)Ý�â3ß_ÞSÖ�Ï/Ö6ÞZÖ�
-Ò
E(R, t)

ÍBÏ ßHÝ/ÒYþ/âBà)ÒYÍ3ÌpßHÝ/Ò
á�Í ø)ø Ò-à ÷ Í<Ï/Ð/Ö�Ï/Ô ÷ ÍBÖ6Ï�ßHà-Ó
ÜAÝ/Ò����! â3ã6Ô<Í ø Ö�ß)Ý/Þ á�âBã6á-Î/ã1â3ß)Ò�àxÖ�ß)Ò ø â3ßHÖ"�<Ò�ãmûjßHÝ�Ò ÷ Í<Ö6Ï�ßSá�Í øKø Ò-à ÷ Í<Ï/Ð/Ò-Ï/á�Ò-à�Ó#�çÏkÒ�âBá�Ý�Ö�ßHÒ ø â3ß)Ö6Í<ÏàKß)Ò ÷ Ñ|ßHÝ/Ò_âBã6ÔBÍ ø ÖmßHÝ/ÞqàKÒ�ã�Ò�á-ß)àEßHÝ�Ò_á�ã�Í<à)Ò-àKß ÷ Í<Ö�Ï�ßHàrâBàEá-Í ø)ø Ò�à ÷ Í<Ï/Ð�Ò�Ï/á-Ò�à�âBÏ/ÐSá�âBã�á�Î/ã6â3ßHÒ-àrßHÝ�Ò%ß ø âBÏ/à �Ì�Í ø Þdâ3ß)Ö6Í<Ï � R, t � Ì�Í ø ÞZÖ6Ï/Ö�ÞSÖ�
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i=1

sin(ϕi) · f1(ϕi) · f2(ri) ,

181∑

i=1

cos(ϕi) · f1(ϕi) · f2(ri)
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